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Abstract
C*-endomorphisms arising from superselection structures with non-trivial centre define a
’rank’ and a ’first Chern class’. Crossed products by such endomorphisms involve the Cuntz-
Pimsner algebra of a vector bundle having the above-mentioned rank and first Chern class,
and can be used to construct a duality for abstract (nonsymmetric) tensor categories vs. group
bundles acting on (nonsymmetric) Hilbert bimodules. Existence and unicity of the dual object
(i.e., the ’gauge’ group bundle) are not ensured: we give a description of this phenomenon in
terms of a certain moduli space associated with the given endomorphism. The above-mentioned
Hilbert bimodules are noncommutative analogues of gauge-equivariant vector bundles in the
sense of Nistor-Troitsky.
AMS Subj. Class.: 46L05, 46L08, 22D35.
Keywords: Pimsner algebras; Crossed Products; C0(X)-algebras; Tensor C*-categories; Vector
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1 Introduction.
One of the novelties introduced in the algebraic approach to quantum field theory, in particular in
the case of localized quantum charges, is the way in which superselection sectors are regarded. In
fact, whilst they are usually defined as representations of the observable algebra, in the algebraic
approach they become endomorphisms of the observable algebra. The main advantage of this point
of view is that the phenomenon of composition of charges is conveniently described in terms of
composition of endomorphisms. Of course not all the endomorphisms of the observable algebra,
that we denote by A , have a physical interpretation. One of the features characterizing the ones of
physical interest is the symmetry, which describes the statistical properties of the sector in terms of
a unitary representation ε of the permutation group in A (see [7, 10, 11] and related references).
Now, if ρ ∈ endA is an endomorphism associated with a sector, and
(ρr, ρs) := {t ∈ A : tρr(a) = ρs(a)t , a ∈ A} , r, s ∈ N , (1.1)
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are the intertwiner spaces, then the Doplicher-Roberts theory allows one to construct a crossed
product of A by ρ , in terms of a C*-algebra F generated by A and orthogonal partial isometries
ψ1, . . . , ψd , d ∈ N , such that
ρ(a) =
∑
i
ψiaψ
∗
i , a ∈ A (1.2)
(see [9, 10, 11]). A remarkable property is that F comes equipped with a compact group action
G→ autF with fixed-point algebra A , such that each (ρr, ρs), r, s ∈ N , is interpreted as the space
of G-invariant operators between tensor powers of a Hilbert space of dimension d . In physical
terms, F plays the role of the field algebra, and G is the gauge group describing the superselection
structure of sectors ρr , r ∈ N . The pair (F , G) is uniquely determined by the C*-dynamical system
(A, ρ).
At the mathematical level, one of the crucial properties required for the construction of F is
triviality of the centre of A . In recent times, the more general situation in which A has a nontrivial
centre Z has been considered, sometimes coupled with a braided symmetry (in the context of low-
dimensional quantum field theory, [17]), other times in the presence of a weak form of permutation
symmetry, that we call permutation quasi-symmetry (see [2, 3, 23], or §6.1 of the present paper):
roughly speaking, with this we mean that not all the elements of (ρr, ρs), r, s ∈ N , necessarily
fulfill permutation symmetry.
In the present paper we present a theory for endomorphisms with permutation quasi-symmetry,
following the research line of [22, 23, 24]. Differently from former works, we do not make any
assumption on the structure of the spaces (ρr, ρs) (these were supposed to be free Z -bimodules in
[2, 3], and locally trivial fields of Banach spaces in [25]).
Our main construction yields a crossed product F generated by A and a Hilbert Z -bimodule
M , whose elements play a role analogous to (1.2). The bimodule M is generally not free – and
this implies that ρ does not fulfill the special conjugate property in the sense of [10] – , but also non-
symmetric, in the sense that the left and right Z -actions may not coincide; indeed, these coincide
if and only if ρ has symmetry in the usual sense. Moreover, the relation
A′ ∩ F = Z (1.3)
is fulfilled, in accord with the principle stated in [17] in the setting of low dimensional quantum
field theory. In this case, we say that F is a Hilbert extension of (A, ρ).
Some facts have to be remarked. First, if we denote the fixed-point algebra of Z with respect
to the ρ-action by C(Xρ), then we find that C(Xρ) is contained in the centre of A and F . This
implies that A and F have a natural structure of C(Xρ)-algebra in the sense of Kasparov ([15]),
with the consequence that we may regard them as bundles of C*-algebras over Xρ . Secondly,
instead of a compact group we obtain a group bundle G → Xρ playing the role of the gauge group;
the action of G on F is defined in terms of to the notion of fibred action introduced in [24] (roughly
speaking, each fibre of G acts on the corresponding fibre of F ; in the present paper we will use the
expression gauge action instead of the one of fibred action). Finally, a crucial fact is that existence
and unicity of (F ,G) are not ensured; we give a complete description of this phenomenon in terms
of the space of sections of a certain bundle of homogeneous spaces associated with ρ .
The present paper is organized as follows.
In §3 we study some properties of gauge actions on the Cuntz-Pimsner algebra of a vector
bundle; this will yield our model for symmetric endomorphisms.
In §4 we introduce the notion of gauge-equivariant Hilbert bimodule. In our approach to the con-
struction of F , gauge-equivariant Hilbert bimodules shall substitute the Hilbert spaces generated
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by the above-mentioned partial isometries ψi , i = 1, . . . , d . Moreover, we introduce the notion of
gauge-equivariant Kasparov module, generalizing the ones of gauge-equivariant vector bundle and
gauge-invariant Fredholm operator in the sense of [19].
In §5 we analyze the way in which gauge actions interact with dual actions. If E → X is a
vector bundle and G → X is a bundle of unitary automorphisms of E , then a dual action on
(A, ρ) is a functor µ : Ĝ → ρ̂ , where Ĝ is the category with objects the tensor powers Er , r ∈ N ,
and arrows the spaces (Er, Es)G of G -invariant morphisms from Er to Es , and ρ̂ is the category
with objects ρr , r ∈ N , and arrows (ρr, ρs). Applying a variant of the construction in [23, §3],
we construct a crossed product C*-algebra A ⋊µ Ĝ equipped with a gauge G -action and a gauge-
equivariant Hilbert Z -bimodule M ⊂ A ⋊µ Ĝ . This bimodule is generally non-symmetric, and
may be regarded as a tensor product of the type Ê ⊗C(X) Z , where Ê is the module of sections of
E . The pair (A⋊µ Ĝ,G) is our model for Hilbert extensions of (A, ρ).
In §6 we prove our main results. The starting point is the fact that if ρ is quasi-symmetric
and fulfills a twisted version of the special conjugate property (§6.2), then every vector bundle
E → Xρ with suitable rank and first Chern class induces a dual action µ : ŜUE → ρ̂ , where
SUE is the bundle of special unitaries of E . The spectrum of the centre of A⋊µ ŜUE defines by
Gel’fand duality a bundle ΩE → Xρ . In Theorem 6.5, we show that the space of sections of the
type s : Xρ →֒ ΩE is in one-to-one correspondence with the set of Hilbert extensions (A⋊ν Ĝ,G),
G ⊆ SUE . In Theorem 6.7, we consider Hilbert extensions (A ⋊ν Ĝ,G), (A ⋊ν′ Ĝ′,G′) of (A, ρ)
and give a necessary and sufficient condition to get an isomorphism G ≃ G′ . The third Theorem
6.10 yields a complete classification of Hilbert extensions of (A, ρ) at varying of E . Finally, in
Theorem 6.14 a duality is proved, characterizing each (ρr, ρs) as the space (Mr,Ms)G of G -
invariant operators between tensor powers of M ; in particular, we show that the spaces (ρr, ρs)ε
of intertwiners that fulfill permutation symmetry are isomorphic to the spaces (Er, Es)G . Examples
of non-existence and non-unicity of the Hilbert extension are given in §6.3.1 and §6.3.2.
2 Keywords and Notation.
For every set S , we denote the corresponding identity map by idS .
About C*-categories and (semi)tensor C*-categories, we refer the reader to [9, 6].
If X is a compact Hausdorff space, then we denote the C*-algebra of continuous functions
from X to C by C(X). For each x ∈ X , we denote the closed ideal of functions vanishing on
x by Cx(X). For every open U ⊂ X , we denote the ideal of functions vanishing on X − U by
C0(U) ⊂ C(X). If {Xi} is an open cover of X , then we write Xij := Xi ∩Xj .
A bundle is given by a surjective map of locally compact Hausdorff spaces p : Y → X . The
fibred product with a bundle p′ : Y ′ → X is defined as the space
Y ×X Y
′ := {(y, y′) ∈ Y × Y ′ : p(y) = p′(y′)} ,
which becomes a bundle when endowed with the natural projection on X . The fibre of Y over
x ∈ X is given by Yx := p−1(x). A section of Y is given by a continuous map s : X → Y such
that p ◦ s = idX . The set of sections of Y is denoted by SX(Y ), and is endowed with the topology
such that each map of the type c∗ : SX(Y )→ C0(X), c∗(s) := c◦ s , c ∈ C0(Y ), is continuous. For
basic properties of vector bundles, we refer the reader to [1, 14]. In the present paper we assume
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that every vector bundle is endowed with a Hermitian structure. In particular, we will make use of
the notion of equivariant vector bundle ([1, §1.6]), and gauge-equivariant vector bundle ([19, §3]).
Let ρ ∈ endA , ρ′ ∈ endA′ be C*-endomorphisms. A C*-morphism η : A → A′ such that
η ◦ ρ = ρ′ ◦ η is denoted by η : (A, ρ) → (A′, ρ′). We denote the identity automorphism by
ι ∈ endA , and use the convention ρ0 := ι , 0 ∈ N .
Let X be a compact Hausdorff space. A unital C(X)-algebra A is a unital C*-algebra endowed
with a unital morphism C(X) → A′ ∩ A , called the C(X)-action (see [15]). We assume that the
C(X)-action is also injective, thus elements of C(X) are regarded as elements of A . For every
x ∈ X , the quotient πx : A → Ax := A/(Cx(X)A) is called the fibre epimorphism. For every open
U ⊂ X , we define the restriction AU as the closed span of elements of the type fa , f ∈ C0(U),
a ∈ A . Note that AU is a closed ideal of A . C*-morphisms between C(X)-algebras equivariant
with respect to the C(X)-actions are called C(X)-morphisms. The set of C(X)-automorphisms
(resp. C(X)-endomorphisms) of A is denoted by autXA (resp. endXA).
The category of C(X)-algebras is equivalent to the one with objects certain topological objects
called C*-bundles. A C*-bundle with base space X is given by a surjective continuous map
Q : Σ→ X ,
where Σ is a Hausdorff space such that: (1) Every Σx := Q
−1(x), x ∈ X , is homeomorphic to a
unital C*-algebra; (2) Σ is full, i.e. for every v ∈ Σ there is a section a : X → Σ, Q ◦ a = idX ,
such that a(x) = v ; (3) The algebraic operations (+, ·, ∗) are continuous on each fibre Σx . The
equivalence with the category of C(X)-algebras is realized by recognizing that the set SX(Σ) of
sections of a C*-bundle Σ is a C(X)-algebra; on the other side, every C(X)-algebra A defines a
C*-bundle Â given by the disjoint union Â := ∪˙xAx endowed with a suitable topology, in such
a way that A is isomorphic to SX(Â). If η : A → A is a C(X)-morphism, then we denote the
associated morphism of C*-bundles by η̂ : Â → Â′ ; η̂ is determined by the relations η̂ ◦ πx(a) =
π′x ◦ η(a), where a ∈ A , x ∈ X , and π
′
x : A
′ → A′x is the fibre epimorphism. In particular,
continuous bundles of C*-algebras are C(X)-algebras; the associated C*-bundles are characterized
by the property that the projection Q is open. For details on this topics, see [13].
If A is a C*-algebra and M a right Hilbert A-module ([4]), then we denote the group of unitary,
right A-module operators by UM , and the C*-algebra of compact, right A-module operators by
K(M). Moreover, we denote the internal tensor product of Hilbert A-bimodules by ⊗A . In the
present paper we shall make use of the following construction. Let φ : C → B be a nondegenerateC*-
morphism and N a right Hilbert C -module. The algebraic tensor product N ⊙C B with coefficients
in C is endowed with a natural B -valued scalar product; we denote the right Hilbert B -module
obtained by the corresponding completion by N⊗CB . In the sequel, we shall apply this construction
to the following cases: (1) C = C(X), and B is a unital C(X)-algebra; (2) C is a C(X)-algebra,
and B = Cx , x ∈ X , is the image of C with respect to a fibre epimorphism.
About Cuntz-Pimsner algebras ([20]) we follow the categorical approach of [6]. We recall that
given d ∈ N the Cuntz algebra Od is defined as the universal C*-algebra generated by a set {ψi}
d
i=1
of orthogonal isometries with total support the identity ([5]); for every closed subgroup G ⊆ U(d) ,
there is an automorphic action
G→ autOd , g 7→ ĝ : ĝ(ψi) :=
∑
j
gijψj , (2.1)
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where {gij} is the set of matrix coefficients of g (see [7]).
3 Group bundles and Cuntz-Pimsner algebras.
In the present section we give a different version of some results proved in [22]. Instead of focusing
our attention to (noncompact) section groups acting on C*-algebras, we consider the underlying
group bundles. In particular, we make use of the notion of fibred action of a group bundle on a
C(X)-algebra introduced in [24]. There are several reasons for this change of scenario. First, it
was kept in evidence in a previous work that the relevant properties of the C*-dynamical systems
(OG , σG) in which we are interested depend on a group bundle rather than the group itself (see
[22, Definition 4.3]). Secondly, fibred actions need less technicalities, and have been used to prove
a result that shall play an important role in the present paper ([24, Theorem 6.1]). Our approach
is also motivated by a recent work of V. Nistor and E. Troitsky: the notions of fibred action on
a C(X)-algebra and gauge-equivariant Hilbert bimodule (in the sense of the following §4) may be
regarded as noncommutative versions of the gauge actions introduced in [19, §3]. For this reason,
but also to emphasize the role that group bundles will play in the present paper, we will use the
term gauge action instead of fibred action.
Let X be a compact Hausdorff space. A group bundle is given by a bundle p : G → X such
that each fibre Gx := p
−1(x) is homeomorphic to a locally compact group. In general, we do not
assume that G is locally trivial, thus the isomorphism class of the fibres may vary at varying of x
in X . We note that the C*-algebra C0(G) is a C(X)-algebra in a natural way, and recall from [24]
that an invariant C(X)-functional is a positive C(X)-module map ϕ : C0(G)→ C(X) such that
ϕz(x) =
∫
Gx
z(y)dµx(y), z ∈ C0(G), where µx is a Haar measure of Gx . The set SX(G) of sections
of G is endowed with a natural structure of topological group. A section group G is a subgroup of
SX(G) such that for every y ∈ G there is g ∈ G with y = g ◦ p(y). For example, if G0 is a locally
compact group and G is the trivial bundle X ×G0 , then the group C(X,G0) of continuous maps
from X to G0 is a section group; anyway, also the group of constant G0 -valued maps is a section
group for G .
Let G be a group bundle, and A is a C(X)-algebra. A gauge action of G on A is a family of
strongly continuous actions {αx : Gx → autAx}x∈X such that the map
α : G ×X Â → Â , α(y, v) := α
x
y(v) (3.1)
is continuous. A C(X)-algebra endowed with a gauge action is called G -C(X)-algebra. The fixed-
point algebra Aα is given by the C*-subalgebra of those a ∈ A such that αxy ◦ πx(a) = πx(a) for
all y ∈ G , x := p(y). If G is endowed with an invariant C(X)-functional ϕ , then an invariant
mean mϕ : A → A
α is naturally defined. For each section group G ⊆ SX(G) there is an action
αG : G→ autXA (3.2)
such that πx ◦ αGg (a) = α
x
g(x) ◦ πx(a) for every a ∈ A , g ∈ G , x := p(y). In particular, usual
strongly continuous actions α0 : G0 → autXA correspond to gauge actions of the trivial bundles
X ×G0 .
The following class of examples shall play an important role in the present paper. Let us consider
a rank d vector bundle E → X with associated U(d)-cocycle ({Xi} , {uij}) ∈ H1(X,U(d)) (see
[14, I.3.5]). For the rest of the present paper, Ê will denote the Hilbert C(X)-bimodule of sections
of E , and {ψl} a (finite) set of generators of Ê . The Cuntz-Pimsner algebra OE associated with
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Ê (see [20]) can be described in terms of generators and relations:
ψ∗l ψm = 〈ψl, ψm〉 , fψl = ψlf ,
n∑
l
ψlψ
∗
l = 1 , (3.3)
where f ∈ C(X), 〈·, ·〉 is the C(X)-valued scalar product of Ê , and 1 is the identity. Let L :=
{l1, . . . , lr} be a multi-index of length r ∈ N (in such a case, we write |L| = r ); defining
ψL := ψl1 · · ·ψlr , (3.4)
we obtain an element of OE which can be regarded as an element of the C(X)-bimodule tensor
product Êr . Now, OE is a continuous bundle over X with fibre the Cuntz algebra Od (see [22, 23]).
The C*-bundle ÔE → X may be described as the clutching of the trivial bundles Xi × Od with
respect to the transition maps ({Xi} , {ûij}) ∈ H1(X, autOd) defined using (2.1). Let
p : UE → X
denote the group bundle of unitary endomorphisms of E (see [14, I.4.8(c)]), and G ⊆ UE a compact
group bundle. Then there is a natural action
G ×X E → E (3.5)
in the sense of [19, §3], in fact each fibre UEx ≃ U(d) acts by unitary operators on the corresponding
fibre Ex ≃ Cd . By universality of the Cuntz-Pimsner algebra, the action (3.5) extends to a gauge
action
G ×X ÔE → ÔE , (y, ξ) 7→ ŷ(ξ) , (3.6)
which, fiberwise, behaves like (2.1). If there is a section group G ⊆ SX(G) then we have an
automorphic action G → autXOE . An important example is the bundle SUE of special unitary
endomorphisms of E , which induces the strongly continuous action SUE → autXOE , where
SUE := SX(SUE)
(see [22]). We denote the fixed-point algebra of OE with respect to the gauge action (3.6) by OG .
For future reference, we also introduce the canonical endomorphism
σE(t) :=
∑
l
ψltψ
∗
l , t ∈ OE ; (3.7)
which fulfilles the relations (Er, Es) = (σrE , σ
s
E), r, s ∈ N . If G ⊆ UE then σE restricts to an
endomorphism σG ∈ endXOG such that (E
r, Es)G = (σ
r
G , σ
s
G), r, s ∈ N (see [22, §4]).
Let us now denote the tensor category with objects Er , r ∈ N , identity object ι := E0 :=
X × C , and arrows (Er , Es), r, s ∈ N by E⊗ (so that, (ι, ι) = C(X)). By the Serre-Swan
equivalence, (Er , Es) is the set of C(X)-module operators from Êr to Ês , and can be interpreted
as the module of sections of a vector bundle Er,s → X (see [14, I.4.8(c)]); in this way, every
t ∈ (Er, Es) can be regarded as a map t : X →֒ Ers . By using the notation (3.4), we also find
(Er, Es) = span {fψLψ
∗
M , f ∈ C(X), |L| = s, |M | = r} ;
in fact, ψLψ
∗
M can be naturally identified with the operator θLMϕ := ψL 〈ψM , ϕ〉 , ϕ ∈ Ê
r . Since
each ψL belongs to OE , every (Er , Es) can be regarded as a subspace of OE . Let us now consider
the gauge action (3.5), and the spaces of invariant morphisms
(Er, Es)G := {t ∈ (E
r, Es) : ys · t(x) = t(x) · yr , y ∈ G, x := p(y)} , (3.8)
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where yr denotes the r -fold tensor power of y as a linear operator on the fibre Ex ≃ Cd . Then we
can define a tensor category Ĝ with objects Er , r ∈ N , and arrows (Er, Es)G . Note that (ι, ι)G =
C(X), and that Ĝ is symmetric in the sense of [9]; in fact, the symmetry operator θ ∈ (E2, E2),
θψψ′ := ψ′ψ , ψ, ψ ∈ Ê , belongs to (E2, E2)G for every G ⊆ UE .
When X reduces to a point, OE is the Cuntz algebra Od and Ĝ is the category of tensor
powers of the defining representation of a compact Lie group G ⊆ U(d) (see [7]).
The following Lemma 3.1 can be proved using a standard argument based on the mean mϕ :
OE → OG induced by the invariant functional ϕ : C(G)→ C(X), whilst the successive Lemma 3.2
is just a ”fibred version” of [22, Cor.4.9]; so that, in both the cases we omit the proof.
Lemma 3.1. Let ϕ : C(G)→ C(X) be an invariant functional. Then the set 0OG := ∪r,s(Er, Es)G
is dense in OG .
Lemma 3.2. Let G , G′ ⊆ UE be compact group bundles, and u ∈ SX(UE) . If û ∈ autXOE
restricts to an isomorphism from OG onto OG′ , then G′ = uGu∗ := {u(x)Gxu(x)∗, x ∈ X} . On
the converse, if G′ = uGu∗ , then û ∈ autXOE restricts to an isomorphism OG′ → OG .
Now, OG is a continuous bundle over X with fibres (OG)x , x ∈ X ; we define
SG :=
{
u ∈ UE : û(t) = t , t ∈ (OG)p(u)
}
.
It is clear that G ⊆ SG . The bundle SG is called the spectral bundle associated with G , and
may be regarded as a ’regularization’ of G (see the example below). For every r, s ∈ N we have
(Er, Es)SG = (E
r, Es)G (see [22, Lemma 4.10]); thus, at the level of the category Ĝ it is not possible
to distinguish G from SG . In the sequel of the present paper we will always assume that G = SG .
As an example, take X = [0, 1], E = X × Cd , G = {(x, u) ∈ X × SU(d) : x = 1/2⇒ u = 1} ; we
find OE = C(X)⊗Od and OG = C(X)⊗OSU(d) , so that G is strictly contained in SG = X×SU(d) .
4 Gauge-equivariant Hilbert bimodules.
In the present section we discuss some basic properties of the category of C(X)-Hilbert bimodules
in the sense of Kasparov ([15]), and introduce the notion of gauge-equivariant Hilbert bimodule.
This class of bimodules will yield the model category for the duality that we shall prove in §6.4.
Since in the sequel we shall make use of unital C*-algebras, to simplify the exposition we discuss
only the case in which the coefficient algebra of our bimodules is unital; the non-unital case will be
approached in a future paper.
Let A , B be unital C(X)-algebras. We denote the fibre epimorphisms of A , B respectively by
πx : A → Ax , π′x : B → Bx , x ∈ X , and the identity of B by 1.
A C(X)-Hilbert A-B -bimodule is given by a Hilbert A-B -bimodule such that ψf = fψ ,
f ∈ C(X), ψ ∈ M . We denote the category of C(X)-Hilbert A-B -bimodules by bmodX(A,B),
with arrows the sets (M,M′) of adjointable, (bounded) right A-module operators T : M →
M′ , M,M′ ∈ bmodX(A,B). In particular, the spaces of compact operators are denoted by
K(M,M′).
By definition of C(X)-Hilbert bimodule, every T ∈ (M,M′) fulfilles the relations
T (fψ) = T (ψf) = T (ψ)f = fT (ψ) , ψ ∈M , f ∈ C(X) .
This implies that (M,M) is a C(X)-algebra, and the same is true for the ideal of compact operators
K(M) ⊆ (M,M). The property of M being a C(X)-Hilbert bimodule is translated as the fact
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that the left A-module action φ : A → (M,M) is a C(X)-morphism. To be concise, in the sequel
we will write aψ ≡ φ(a)ψ , a ∈ A , ψ ∈ M ; on the other side, the operator φ(a) ∈ (M,M) shall
not be confused with a ∈ A . If L̂M → X is the C*-bundle associated with (M,M), then by
general properties of C(X)-algebras there is a morphism
φ̂ : Â → L̂M . (4.1)
If we denote the fibre epimorphisms of (M,M) by
δx : (M,M)→ LM,x , x ∈ X , (4.2)
then φ̂ is determined by the relations φ̂ ◦ δx = δx ◦ φ . For every x ∈ X , we consider the right
Hilbert Bx -module Mx :=M⊗B Bx and the associated map
ηx :M→Mx , ηx(ψ) := ψ ⊗ ηx(1) . (4.3)
Note that (4.3) is surjective: in fact ψ ⊗ w = ηx(ψb), where ψ ∈ M , w ∈ Bx , and b ∈ π−1x (w).
Lemma 4.1. For every x ∈ X , the space Mx has the following structure of Hilbert Ax -Bx -
bimodule: 
(ψ ⊗ w)w′ := ψ ⊗ (ww′)
〈ψ ⊗ w,ψ′ ⊗ w′〉x := πx(〈ψ, ψ
′〉) w∗w′
v(ψ ⊗ w) := (aψ)⊗ w , πx(a) = v ,
ψ, ψ′ ∈ M , v ∈ Â , w,w′ ∈ B̂ , a ∈ A . Moreover, for every x ∈ X there is a natural isomorphism
LM,x ≃ (Mx,Mx) .
Proof. The fact that the right Bx -module action and the scalar product are well-defined follows
by general properties of internal tensor products of Hilbert bimodules. Thus, it remains to verify
only that the left Ax -module action is well-defined. To this end, let a, a′ ∈ Ax such that v =
πx(a) = πx(a
′). Then there are f ∈ Cx(X), a′′ ∈ A such that fa′′ = a− a′ . In this way, we find
(aψ) ⊗ w = [(a′ + fa′′)ψ] ⊗ w = (a′ψ)⊗ w+ f(x)(a′′ψ)⊗ w = (a′ψ) ⊗ w . This implies that our
definition of left Ax -module action does not depend on the choice of a ∈ π−1x (v). Finally, if δx , ηx
are as by (4.2,4.3), then an isomorphism βx : LM,x → (Mx,Mx) is defined by
[βx ◦ δx(t)] [ηx(ψ)] := ηx(tψ) ,
t ∈ (M,M), ψ ∈M (we leave to the reader the task to verify that βx is actually an isomorphism).
As for C(X)-algebras, we endow the disjoint union M̂ := ∪˙xMx with the natural projection
P : M̂ → X , and the topology generated by the base
TU,ε,ψ :=
{
ξ ∈ P−1(U) :
∥∥ξ − ηP (ξ)(ψ)∥∥ < ε} , (4.4)
where U ⊆ X is open, ψ ∈ M , and ε > 0. For the notion of Banach bundle, see [12, 13] (anyway,
it is analogous to the one of C*-bundle).
Lemma 4.2. The map P : M̂ → X defines a full Banach bundle, and M coincides with the set
SX(M̂) of sections of M̂ .
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Proof. By [13, Theorem 6.2], to prove the Lemma it suffices to verify that M is a locally convex
Banach C(X)-bimodule, i.e. that for every f ∈ C(X), 0 ≤ f ≤ 1, ψ1, ψ2 ∈ M , ‖ψ1‖ , ‖ψ2‖ ≤ 1,
it turns out ‖fψ1 + (1− f)ψ2‖ ≤ 1. This can be easily done by using the B -valued scalar product,
and estimating
〈fψ1 + (1− f)ψ2 , fψ1 + (1− f)ψ2〉 ≤ f
2 + (1− f)2 ≤ 1 (4.5)
(note that 〈fψ1, (1− f)ψ2〉 = 0; for the last inequality, we used the relations f2 ≤ f , (1 − f)2 ≤
1− f ). Taking the norms of the terms of (4.5), we conclude that M is locally convex.
The bundle M̂ may be endowed with further structure: in fact, the A-B -bimodule structure
and the B -valued scalar product of M induce continuous maps
Â ×X M̂ → M̂ , M̂ ×X B̂ → M̂ , M̂ ×X M̂ → B̂ .
The correspondence M 7→ M̂ established in the previous Lemma has a functorial nature. If
T ∈ (M,M′), then there is an associated bundle morphism T̂ : M̂ → M̂′ , determined by the
property T̂ ◦ ηx(ψ) = η′x ◦ T (ψ), where ψ ∈ M , and ηx , η
′
x denote the evaluations of M , M
′ on
x ∈ X .
Example 4.1. Let q : Ω → X be a compact bundle (i.e., C(Ω) is a unital C(X)-algebra), and
E → Ω a vector bundle. For every x ∈ X , we consider the vector bundle obtained as the restriction
E|Ωx → Ωx , Ωx := q
−1(x) . We denote the set of sections of E by M ; clearly, M is a C(X)-
Hilbert C(Ω)-bimodule. A standard argument (the Tietze extension theorem for vector bundles, see
[1, 1.6.3]) allows one to conclude that for every x ∈ X there is a natural isomorphism
V :Mx :=M⊗C(Ω) C(Ωx)→ SΩx(E|Ωx) , V (ψ ⊗ z) := ψ|Ωxz ,
where ψ : Ω → E belongs to M , z ∈ C(Ωx) , and SΩx(E|Ωx) is the Hilbert C(Ωx)-bimodule of
sections of E|Ωx . Thus, the bundle M̂ → X has fibres SΩx(E|Ωx) , x ∈ X .
Example 4.2. Let A be a C*-algebra, X a compact Hausdorff space, and E → X a vector A-
bundle in the sense of [18]. Then the set M of sections of E is a C(X)-Hilbert C(X)-(C(X)⊗A)-
bimodule, and M̂ = E .
Definition 4.3. Let p : G → X denote a group bundle with gauge actions α : G ×X Â → Â ,
β : G ×X B̂ → B̂ , and M a C(X)-Hilbert A-B -bimodule. A gauge action of G on M is given
by a family {Ux : Gx ×Mx →Mx}x of actions by isometric linear operators making each Mx a
Gx -Hilbert Ax -Bx -bimodule, such that the map
U : G ×X M̂ → M̂ , U(y, ξ) := U
x
y ξ ,
is continuous. In such a case, we say that M is a G -Hilbert A-B -bimodule.
In explicit terms, a G -Hilbert A-B -bimodule M is characterized by the relations{ 〈
Uxy (ξ), U
x
y (ξ
′)
〉
x
= βxy (〈ξ, ξ
′〉x)
Uxy · φ̂(v) = φ̂ ◦ α
x
y(v) · U
x
y ,
(4.6)
y ∈ G , x := p(y), ξ, ξ′ ∈ M̂ , v ∈ Â . If M , M′ are G -Hilbert A-B -bimodules, we define the set
of G -equivariant operators
(M,M′)G :=
{
T ∈ (M,M′) : T̂ ◦ U(y, ξ) = U(y, T̂ ξ) , y ∈ G, ξ ∈ M̂
}
.
The proof of the following result is analogous to [24, Proposition 3.3], thus it is omitted.
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Proposition 4.4. Let M be a C(X)-Hilbert A-bimodule with a gauge action U : G×X M̂ → M̂ .
Then for every section group G ⊆ SX(G) there is an action UG : G×M→M , such that
ηx ◦ U
G
g = U
x
g(x) ◦ ηx , x ∈ X , (4.7)
where ηx is defined by (4.3). On the converse, every action U
G : G×M→M such that there is a
set {Ux : Gx ×Mx →Mx}x fulfilling (4.7) defines a gauge action U that does not depend on G .
In particular, if G ≃ X × G0 is a trivial bundle, then we may take G = G0 and obtain a
G-action on M in the usual sense ([4, VIII.20]).
Remark 4.1. In the present paper we shall make use of actions U : G ×X M̂ → M̂ coupled with
trivial actions on the coefficient algebras, in such a way that{ 〈
Uxy (ξ), U
x
y (ξ
′)
〉
x
= 〈ξ, ξ′〉x[
Uxy , φ̂(v)
]
= 0 ,
(4.8)
y ∈ G , x := p(y) , ξ, ξ ∈ M̂ , v ∈ Â . In this case, Uxy ∈ UMx , x ∈ X , and we may express
(4.8(2)) in the following, more concise way: φ(a) ∈ (M,M)G , a ∈ A .
The following Lemma generalizes (3.6):
Lemma 4.5. Let M be a G -Hilbert A-bimodule with trivial gauge G -actions on A . Then the
Cuntz-Pimsner algebra OM is a C(X)-algebra with associated C*-bundle ÔM , and the G -action
on M extends to a gauge action G ×X ÔM → ÔM .
Proof. The Cuntz-Pimsner algebra OM may be described as the one generated by the spaces
K(Mr,Ms), r, s ∈ N , as in [9, §4], [6, §3]. Since ft = tf , t ∈ K(Mr,Ms), f ∈ C(X), we
conclude that C(X) is contained in the centre of OM , i.e. OM is a C(X)-algebra. We denote
the fibres of OM by (OM)x , x ∈ X , and the so-obtained C*-bundle by ÔM → X . By [6, §3], it
follows that for every x ∈ X there is a strongly continuous action Gx → aut(OM)x , y 7→ ŷ . In
this way, we obtain a map G ×X ÔM → ÔM , (y, ξ) 7→ ŷ(ξ), whose continuity can be easily proved
using continuity of the action U : G ×X M̂ → M̂ .
Example 4.3 (Equivariant vector bundles, [1, 21]). Let G be a compact group, and Ω a compact
Hausdorff G-space. We denote the orbit space by X := Ω/G , and consider the natural projection
q : Ω → X . If E → Ω is a G-equivariant vector bundle, then the Hilbert C(Ω)-bimodule M of
sections of E is naturally endowed with a G-action. In C*-algebraic terms, we have a strongly
continuous action α : G → C(Ω) with fixed-point algebra (isomorphic to) C(X) , so that C(Ω) is
a C(X)-algebra with associated C*-bundle ÂΩ → X and fibres AΩ,x ≃ C(Ωx) , Ωx := q−1(x) ,
x ∈ X . As mentioned in §3, α may be regarded as a gauge action G ×X ÂΩ → ÂΩ , where G :=
X×G . Note that each g ∈ G acts as a homeomorphism on the restriction Ωx , in fact q(gω) = q(ω)
for every ω ∈ Ω ; this implies that the G-action on E restricts to G-actions G × E|Ωx → E|Ωx ,
x ∈ X . By Example 4.1, we find Mx = SΩx(E|Ωx) , x ∈ X . Thus, we conclude that M is a
G -Hilbert C(Ω)-bimodule.
Example 4.4 (Gauge-equivariant vector bundles, [19]). Let p : G → X be a group bundle, and
q : Ω → X a compact bundle carrying an action G ×X Ω → Ω . In other terms, the C*-algebra
C(Ω) is a C(X)-algebra endowed with a gauge action α : G ×X ÂΩ → ÂΩ , where ÂΩ → X is the
C*-bundle associated with C(Ω) . Let π : E → Ω be a vector bundle. As in the previous example, we
have that the set M of sections of E is endowed with a structure of C(X)-Hilbert C(Ω)-bimodule.
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Note that E is a bundle over X with respect to the map q ◦ π , with fibres (q ◦ π)−1(x) = E|Ωx ,
x ∈ X ; thus, it makes sense to consider the fibred product G ×X E . The vector bundle E is said
to be G -equivariant if there is an action by homeomorphisms
G ×X E → E
defined in such a way that each E|Ωx → Ωx , x ∈ X , is a Gx -equivariant vector bundle in the sense
of the previous example. This implies that M is a G -Hilbert C(Ω)-bimodule. In the present paper
we shall make use of the case in which Ω = X is endowed with the trivial G -action, as in §3.
A notion of Kasparov cycle in the setting of gauge-equivariant Hilbert bimodules can be intro-
duced. Let X be a compact Hausdorff space, G → X a group bundle, and A , B unital, separable
Z2 -graded G -C(X)-algebras. A Kasparov cycle is a pair (M, F ), where M is a countably gener-
ated, Z2 -graded G -Hilbert A-B -bimodule with left A-action φ : A → (M,M), and F = F ∗ ∈
(M,M) is an operator with degree one such that [φ(a), F ] , [F 2 − 1, φ(a)] ∈ K(M) for every
a ∈ A ; moreover, the following ”quasi-G -equivariance” is required:
[F̂ , Uxy ] ∈ K(Mx) , y ∈ G , x := p(y) .
The notions of homotopy, equivalence and direct sum are exactly the same as in [15]. In this way,
we can define the gauge-equivariant KK -group KKGX(A,B). When G = X×G is trivial we obtain
the usual Kasparov group RKKG(X ;A,B) ([15]). Further properties of the bifunctor KKGX(−,−)
(in particular, details on the non-unital case) will be discussed in a future reference.
Example 4.5. Let G → X be a compact Lie group bundle acting on Hilbert bundles Hk → X ,
k = 0, 1 , and F :=
{
F x : H0x → H
1
x
}
x
a continuous family of G -invariant Fredholm operators (see
[19, §4]. Then the sets of sections Ĥk , k = 0, 1 , are G -Hilbert C(X)-bimodules, and F may be
regarded as an element of (Ĥ0, Ĥ1)G . Let now M := Ĥ0 ⊕ Ĥ1 , and
F˜ :=
(
0 F ∗
F 0
)
;
then, we obtain a pair (M, F˜ ) , defining an element of KKGX(C(X), C(X)) .
Let M,M′ ∈ bmodX(A,B); we consider the space of right B -module operators that commute
with the left A-action:
(M,M′)A := {T ∈ (M,M
′) : Ta = aT, a ∈ A} . (4.9)
We now focalise our attention to the case A = B , and define Z := A′ ∩A . The class bmodXA :=
bmodX(A,A) becomes a C*-category if equipped with the sets of arrows (M,M′), M , M′ ∈
bmodXA . Let us endow bmodXA with the internal tensor product ⊗A . It is well-known that
at the level of arrows the tensor product T ⊗A T ′ does not make sense, unless T ′ is the identity
([4, 13.5]). In other terms, bmodXA is a semitensor C*-category in the sense of [6]. If we
restrict the sets of arrows to (M,M′)A , M,M′ ∈ bmodXA , then we obtain a tensor C*-category
bmodX,AA , having the same objects as bmodXA , and arrows (M,M
′)A . Note that every
(M,M′)A is a Banach Z -bimodule in the natural way.
Let G → X denote a group bundle. We denote the semitensor C*-category with objects G -
Hilbert A-bimodules by bmodGXA , with arrows the spaces (M,M
′)G of equivariant operators.
Let M be a G -Hilbert A-bimodule. The full semitensor C*-subcategory of bmodXA with objects
the internal tensor powers Mr := M⊗A . . .⊗AM , r ∈ N , is denoted by M⊗ ; in particular, we
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define M0 := A . Moreover, we denote the semitensor C*-category with objects Mr , r ∈ N , by
M⊗G , with arrows (M
r,Ms)G , r, s ∈ N ; note that (A,A)G is the fixed-point algebra with respect
to the given gauge action α : G ×X Â → Â .
Example 4.6. The following construction will be used in the sequel, in the context of Hilbert
extensions. Let X be a compact Hausdorff space, E → X a vector bundle, and Z an Abelian C(X)-
algebra with identity 1 . We denote the bundle defined by the spectrum X ′ of Z by q : X ′ → X .
Moreover, we consider a C(X)-Hilbert Z -bimodule M with left action φ : Z → (M,M) , and
assume that there is an isomorphism M≃ Ê ⊗C(X) Z of right Hilbert Z -modules, where E → X
is a rank d vector bundle. Now, M is isomorphic (as a right Hilbert Z -module) to the module of
sections of the pullback bundle Eq := E ×X X ′ → X ′ ; note that elements of Eq are of the type
(ξ, x′) , ξ ∈ Ex , x ∈ X ′x , x ∈ X . This allows one to regard elements of M as injective continuous
maps of the type ψ : X ′ → E such that ψ(x′) ∈ Eq(x′) (the associated section of E
q is given by
the map ψq(x′) := (ψ(x′), x′) , x′ ∈ X ′ ). On the same line of Example 4.4, for every group bundle
p : G → X , G ⊆ UE , we consider the gauge action
G ×X E
q → Eq , (y, (ξ, x′)) 7→ (y(ξ), x′) , (4.10)
obtained by extending (3.5) to Eq . Now, every Mx , x ∈ X , is isomorphic to the module of sections
of Eq|X′x → X
′
x (note that E
q|X′x ≃ Ex ×X
′
x ≃ C
d ×X ′x ); thus, elements of Mx are continuous
maps from X ′x to Ex , and Mx is isomorphic as a right Hilbert Zx -module to the free module
Ex ⊗Zx ≃ Cd ⊗Zx . We obtain the gauge action
U : G ×X M̂ → M̂ , U
x
y ψ(x
′) := y(ψ(x′)) , (4.11)
y ∈ G , ψ ∈ Mp(y) , x
′ ∈ X ′
p(y) , and conclude that M is a G -Hilbert Z -bimodule. Now, in general
M⊗G is a semitensor C*-category; anyway, if
(Mr,Ms)G ⊆ (M
r,Ms)Z (4.12)
(see (4.9)), then M⊗G is a tensor C*-category. It is clear that if the left and right Z -actions
coincide, then (4.12) is fulfilled. Anyway, (4.12) holds in more general cases (see [16, §4], and
Example 6.3).
5 Dual actions vs. gauge actions.
Let ρ be a unital endomorphism of a C*-algebra A ,
C(Xρ) := {f ∈ A ∩A′ : ρ(f) = f} , (5.1)
E → Xρ a vector bundle, G ⊆ SUE a compact group bundle. A dual G -action on (A, ρ) is
a C(Xρ)-monomorphism µ : (OG , σG) →֒ (A, ρ) such that µ(Er, Es)G = µ(σrG , σ
s
G) ⊆ (ρ
r, ρs),
r, s ∈ N (in other terms, µ is a functor from Ĝ to ρ̂). The crossed product of A by µ is the
universal C(Xρ)-algebra A ⋊µ Ĝ generated by A and an isomorphic image of OE by means of
a unital C(X)-monomorphism j : OE →֒ A ⋊µ Ĝ ; moreover, we require that A ⋊µ Ĝ fulfills the
universal properties {
µ(t) = j(t) , t ∈ OG
ρ(a)ψ = ψa , a ∈ A , ψ ∈ j(Ê) ⊂ j(OE) .
(5.2)
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The same argument of [23, Thm 3.11] shows existence and unicity of A ⋊µ Ĝ . Let us now denote
the C*-bundle associated with A⋊µ Ĝ by B̂ → X ; then, [23, Eq.3.17] implies that there is a gauge
action
α : G ×X B̂ → B̂ , α(y, v · ĵ(ξ)) := v · ĵ ◦ ŷ(ξ) , (5.3)
v ∈ Â , ξ ∈ ÔE . If G is endowed with an invariant C(X)-valued functional, then A is the fixed-
point algebra with respect to the action (5.3) (see remarks after [23, Theorem 3.11], [10, Lemma
2.8, Theorem 3.2]). If {ψl} is a finite set of generators for j(Ê) ⊂ A⋊µ Ĝ , the endomorphism
σ ∈ end(A⋊µ Ĝ) , σ(b) :=
∑
l
ψlbψ
∗
l , b ∈ A⋊µ Ĝ , (5.4)
is defined, in such a way that σ|A = ρ , σ ◦ j = j ◦ σE . As an immediate consequence of (5.4) and
the remarks after (3.7), we find
j(Er, Es) ⊆ (σr , σs) , r, s ∈ N . (5.5)
Lemma 5.1. Let G ⊆ SUE be a compact group bundle with a dual action µ : Ĝ → ρ̂ . If G′ ⊆ SUE
is a compact group bundle with G ⊆ G′ , then a dual G′ -action µ′ is defined on (A, ρ) , and there is
a C(X)-epimorphism η : A⋊µ′ Ĝ′ → A⋊µ Ĝ . The morphism η is an A-module map, intertwines
the inner endomorphisms induced by Ê , and preserves the intertwiners spaces (Er, Es) , r, s ∈ N .
Proof. Since (Er , Es)G′ ⊆ (Er, Es)G , r, s ∈ N , we can define the dual action
µ′ : (Er, Es)G′ → (ρ
r, ρs) , µ′(t) := µ(t) ,
and consider the crossed product A⋊µ′ Ĝ′ , endowed with the C*-morphisms
µ′ : OG′ → A⋊µ′ Ĝ
′ , j ′ : OE → A⋊µ′ Ĝ
′ .
Now, it is clear that if we consider the generic element a · j(t) of A⋊µ Ĝ , a ∈ A , t ∈ OE , then we
find {
µ′(t) = µ(t) = j(t) , t ∈ OG′ ⊆ OG
ρ(a)ψ = ψa , ψ ∈ j(Ê)
This means that A ⋊µ Ĝ fulfilles the universal properties (5.2) for the dual action µ′ , thus the
desired morphism η is defined by the universal property. Note that η is defined as the quotient
of A⋊µ′ Ĝ
′ with respect to the ideal generated by the relations j ′(t) = µ(t), t ∈ OG (recall that
µ(t) ∈ A ⊂ A⋊µ′ Ĝ
′ , thus the above equality makes sense).
Let A ⊂ B be an inclusion of unital C*-algebras with common identity 1. A Hilbert A-bimodule
in B is given by a norm-closed subspace M⊂ B , closed with respect to left and right multiplication
by elements of A , and such that the set {ψ∗ψ, ψ, ψ′ ∈M} coincides with A (see [6]). M is said to
have support the identity if there is a finite set {ψl} ⊂M such that
∑
l ψlψ
∗
l = 1. Note that in this
case, every ψ ∈ M is of the form ψ =
∑
l ψlal , al := ψ
∗
l ψ ∈ A , so that M is finitely generated.
In the sequel, for every r ∈ N we will denote the closed span of products of the type ψ1 · · ·ψr ,
ψi ∈ M , by Mr ⊂ B . It is clear that M may be identified with the r -fold internal tensor power
of M . In the same way, the closed span of elements of the type ψ′ψ∗ , ψ′ ∈ Ms , ψ ∈ Mr , may
be identified with the space (Mr,Ms) of right A-module operators from Mr to Ms (note that
since M is finitely generated, every element of (Mr,Ms) is a compact operator).
A version of the following theorem has been proved in [23, Proposition 3.12]; the proof that we
give here presents the modifications due to the fact that we consider gauge actions instead of group
actions.
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Theorem 5.2. Let G ⊆ UE be a compact group bundle with a dual action µ : (OG , σG)→ (A, ρ) .
If A′ ∩ (A⋊µ Ĝ) = Z , then the following properties hold:
1. There is a finitely generated C(Xρ)-Hilbert Z -bimodule M⊂ B with support 1 , isomorphic
to Ê ⊗C(Xρ) Z as a right Hilbert Z -module;
2. The gauge action α (see (5.3)) restricts to a gauge action U : G ×X M̂ → M̂ ;
3. (Mr,Ms)G = (ρr, ρs) , ∀r, s ∈ N .
Proof. Point 1: define
M :=
{
ψ ∈ A⋊µ Ĝ : ψa = ρ(a)ψ, a ∈ A
}
;
since ψ∗ψ′ ∈ A′ ∩ (A ⋊µ Ĝ) = Z , and fψ = ψf , f ∈ C(Xρ), ψ, ψ′ ∈ M , we find that M
is a C(Xρ)-Hilbert Z -bimodule in A ⋊µ Ĝ . Moreover, (5.2) implies that j(Ê) ⊂ M . Let now
{ψl} be a finite set of generators for j(Ê) ≃ Ê . Since j is unital, the relations (3.3) imply that
M has support the identity in A ⋊µ Ĝ , and that M is generated by elements of j(Ê) as a right
Z -module; this implies the isomorphism M≃ Ê⊗C(X) Z . Point 2: let us consider the restrictions
ηx : M → Mx := ηx(M) of the fibre epimorphism, and v ∈ Mx . By local triviality of E there
are sections ϕ1 , . . . , ϕd ∈ j(Ê) ≃ Ê fulfilling the Cuntz relations
ηx(ϕ
∗
iϕj) = δijηx(1) ,
∑
i
ηx(ϕiϕ
∗
i ) = ηx(1) .
In this way, v =
∑
j ej,xηx(zj), where zj ∈ Z and ej,x := ηx(ϕj). By definition of α , and by
(2.1), for every y ∈ Gx we find
α(y, v) =
∑
k,j
ykjej,xηx(zj)
where ykj ∈ C are the matrix coefficients of y . The above equality implies that α(y, v) ∈ Mx ,
thus M is stable with respect to the gauge action α . We denote the restriction of α to M by
U . Since αxy ◦ ηx(ψ
∗ψ′) = ηx(ψ
∗ψ′) (in fact ψ∗ψ′ ∈ Z ), and αxy ◦ ηx(ψz) = α
x
y ◦ ηx(ψ) · ηx(z),
z ∈ Z , we conclude that U is actually a unitary gauge action in the sense of Definition 4.3, with
trivial associated gauge actions on Z . Point 3: if t ∈ (Mr,Ms)G then by definition of U we find
t ∈ A . Moreover, since t is sum of terms of the type ψ′ψ∗ , ψ ∈ Mr , ψ′ ∈ Ms , by definition of
M we conclude that t ∈ (ρr, ρs) (note in fact that ψ ∈ Mr implies ρr(a)ψ = ψa , a ∈ A). On the
converse, let t ∈ (ρr, ρs); we fix finite sets of generators {ψL} ⊂ Ms , {ϕM} ⊂ Mr , in such a way
that
∑
L ψLψ
∗
L =
∑
M ϕMϕ
∗
M = 1, and note that tLM := ψ
∗
LtϕM ∈ A
′ ∩ (A⋊µ Ĝ) = Z (in fact,
tLMa = ψ
∗
Ltρ
r(a)ϕM = ψ
∗
Lρ
s(a)tϕM = atLM , a ∈ A). In this way, t =
∑
LM ψLtLMψ
∗
M belongs
to (Mr,Ms)G .
6 Special Endomorphisms.
6.1 Permutation symmetry: weak forms.
Let A be a unital C*-algebra with centre Z . A unital endomorphism ρ of A has permutation
symmetry if there is a unitary representation p 7→ ε(p) of the group P∞ of finite permutations of
N in A , such that:  ε(Sp) = ρ ◦ ε(p)ε := ε(1, 1) ∈ (ρ2, ρ2)
ε(s, 1) t = ρ(t) ε(r, 1) , t ∈ (ρr, ρs) ,
(6.1)
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where (r, s) ∈ Pr+s exchanges the first r terms with the remaining s , and S is the shift (Sp)(1) := 1,
(Sp)(n) := 1 + p(n− 1), p ∈ P∞ . The above properties imply that
ε(p) ∈ (ρn, ρn) , n ∈ N , p ∈ Pn ; (6.2)
we say that ρ has weak permutation symmetry if just (6.1(1)),(6.2) hold. In such a case, we call
symmetry intertwiners the elements of (ρr, ρs) for which (6.1(3)) holds:
(ρr, ρs)ε := {t ∈ (ρ
r, ρs) : ε(s, 1)t = ρ(t)ε(r, 1)} .
We denote the C*-subalgebra of A generated by the intertwiner spaces (ρr, ρs), r, s ∈ N , by Oρ ;
in particular, we denote the C*-algebra generated by the symmetry intertwiners by Oρ,ε . We say
that ρ has permutation quasi-symmetry if
(ρr, ρs) = ρs(Z) · (ρr, ρs)ε = (ρ
r, ρs)ε · ρ
r(Z) . (6.3)
Here ρs(Z) · (ρr, ρs)ε denotes the vector space spanned by elements of the type ρs(z)t , z ∈ Z ,
t ∈ (ρr, ρs)ε . From (6.3), we see that if ρ has permutation quasi-symmetry, then the obstacle to get
permutation symmetry is given by elements of Z that are not ρ-invariant. The above properties
may be summarized by saying that the category ρ̂ with objects ρr , r ∈ N , and arrows (ρr, ρs) is
a tensor quasi-symmetric C*-category, whilst the category ρ̂ε having the same objects as ρ̂ and
arrows (ρr, ρs)ε is a tensor symmetric C*-subcategory of ρ̂ (see [23, §4.1]).
Remark 6.1. By [7, (2.6)], to get a weak permutation symmetry for ρ it suffices that there is ε ∈
(ρ2, ρ2) such that ε = ε∗ = ε2 = 1 . In fact, each ε(p) , p ∈ P∞ , may be recovered in terms of
products of the type ερ(ε) . . . ρn(ε) , n ∈ N .
If E → X is a vector bundle and G ⊆ UE is a compact group bundle, then σG ∈ endXOG has
permutation symmetry, induced by the flip operator θ ∈ (E2, E2)G = (σ2G , σ
2
G) (see [22, Remark
4.5]).
Weak forms of permutation symmetry are strictly related to dual actions:
Lemma 6.1. Let (A, ρ) be a C*-dynamical system, E → Xρ a vector bundle, and G ⊆ E a
compact group bundle with a dual action µ : (OG , σG) → (A, ρ) . Then ρ has a weak permutation
symmetry ε . Moreover, if A′ ∩ (A ⋊µ Ĝ) = Z , then for every r, s ∈ N the map µ restricts to an
isomorphism (Er, Es)G → (ρ
r, ρs)ε of Banach C(X
ρ)-bimodules.
Proof. Since θ(r, s) ∈ (σr+sG , σ
r+s
G ), r, s ∈ N , defining ε(r, s) := µ◦θ(r, s) we obtain a weak permu-
tation symmetry for ρ . Now, if t ∈ (ρr, ρs)ε then using the decomposition t =
∑
LM ψLtLMψ
∗
M ,
tLM := ψ
∗
LtψM (where ψL ∈ j(Ê
s), see (3.4)), in the same way as in the proof of Theorem 5.2 we
find tLM ∈ A′ ∩ (A⋊µ Ĝ) = Z . Moreover, we also find
ρ(tLM ) = ψ
∗
Lε(1, s)ε(s, 1)tε(1, r)ε(r, 1)ψM = tLM .
This implies tLM ∈ C(Xρ), so that t ∈ j(Er, Es). Since j(Er, Es)∩A = µ(Er, Es)G , we conclude
that t ∈ µ(Er, Es)G . On the converse, the fact that σG ∈ endXρOG has permutation symmetry,
and the definition of ε , imply that µ(σrG , σ
s
G) = µ(E
r, Es)G ⊆ (ρr, ρs)ε , and this proves that
(ρr, ρs)ε = µ(E
r, Es)G .
6.2 Special endomorphisms and Crossed Products.
The notion of special conjugate may be regarded as an algebraic counterpart of the property of
a finite-dimensional group representation of being with determinant one, and plays a crucial role
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in the setting of the Doplicher-Roberts theory ([10, §4],[11, p.58]). To take into account the class
of examples in §3, we generalize the definition of special conjugate in the following sense: we say
that ρ is (weakly/quasi) special if ρ has (weak/quasi) permutation symmetry, and for some d ∈ N ,
d > 1, there is a Hilbert C(Xρ)-bimodule R ⊂ (ι, ρd)ε such that{
R∗ρ(R′) = (−1)d−1d−1R∗R′ , R,R′ ∈ R
RR∗ := span {R′R∗ : R,R′ ∈ R} = C(Xρ)Pε,d
(6.4)
When R exists, it is unique ([23, Lemma 4.8]). Let K(R) denote the C*-algebra of right C(Xρ)-
module operator of R ; then, (6.4(2)) implies that there is an isomorphism K(R) ≃ C(Xρ). The
previous isomorphism, and the Serre-Swan theorem, imply that R is the module of sections of a line
bundle over Xρ ; thus, the first Chern class c1(ρ) ∈ H2(Xρ,Z) of such a line bundle is a complete
invariant of R . The Chern class c1(ρ) vanishes if and only if ρ fulfilles the special conjugate
property in the sense of Doplicher and Roberts ([10, Lemma 4.2]); this is equivalent to require that
there is a partial isometry S ∈ R , S∗S = 1, SS∗ = Pε,d . The class of ρ is defined by
d⊕ c1(ρ) ∈ N⊕H
2(Xρ,Z) . (6.5)
A weakly special endomorphism is denoted by (ρ, ε,R).
A class of examples follow. With the notation of §3, if G ⊆ SUE then (σG , θ, (ι, λE)) ∈ endXOG
is special, where λE ⊂ Ed is the d-fold exterior power of E ; moreover, c(σG) = d⊕ c1(E), where
d is the rank of E , and c1(E) is the first Chern class (see [23, §2.2,Example 4.2]).
The following basic result has been proved in [23, Theorem 5.1].
Theorem 6.2. Let (ρ, ε,R) ∈ endA be a weakly special endomorphism with class d ⊕ c1(ρ) ,
d ∈ N , c1(ρ) ∈ H2(Xρ,Z) . Then, for every rank d vector bundle E → Xρ with first Chern class
c1(ρ) , there is a dual SUE -action
µ : OSUE → A .
Moreover, Oρ,ε is a continuous bundle of C*-algebras over Xρ , with fibres isomorphic to OGx ,
x ∈ Xρ , where Gx ⊆ SU(d) is a compact Lie group unique up to conjugacy in SU(d) . Finally,
there is an inclusion OSUE →֒ Oρ,ε of C*-algebra bundles.
The image of µ is the C*-algebra generated by ε , R by closing with respect to the action of
ρ . We have µ(θ) = ε , µ(ι, λE)SUE = R (see [23, Lemma 4.6]). For every rank d vector bundle
E → Xρ with first Chern class c1(ρ), we introduce the notation
BE := A⋊µ ŜUE . (6.6)
By (5.4), BE comes equipped with the endomorphism σ ∈ endBE . By definition of crossed product
by a dual action, there are C(Xρ)-morphisms{
j : (OE , σE) →֒ (BE , σ)
µ : (OSUE , σSUE) →֒ (A, ρ) , j|OSUE = µ .
(6.7)
Note that σ has weak permutation symmetry induced by ε . Since σE ∈ endXρOE has symmetry
θ , we find
j(Er, Es) = j(σrE , σ
s
E)θ ⊆ (σ
r, σs)ε . (6.8)
Moreover, there is a gauge action
α : SUE ×X B̂E → B̂E , (6.9)
so that it is of interest to investigate some technical properties of the bundle p : SUE → Xρ :
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Lemma 6.3. Let X be a compact Hausdorff space, d ∈ N , and E → X a rank d vector bundle.
Then there is an invariant C(X)-functional ϕ : C(SUE) → C(X) . Moreover, for every group
bundle G ⊆ SUE the natural projection pG : SUE → Ω := G\SUE has local sections: in other
terms, for every ω ∈ Ω there is an open neighbourhood W ∋ ω with a continuous map sW : W →
SUE such that pG ◦ sW = idW .
Proof. For every u ∈ U(d) , we consider the group automorphism û ∈ autSU(d) defined by adjoint
action û(g) := ugu∗ , g ∈ SU(d) ; we maintain the same notation for the C*-algebra automorphism
induced on C(SU(d)), so that û ∈ autC(SU(d)). If ({Xi} , {uij}) is an U(d)-cocycle associated
with E (see [14]), then SUE is defined as the bundle with cocycle ({Xi} , {ûij}). Let now λij(x) :=
detuij(x), x ∈ Xij , and vij(x) := λij(x)uij(x), x ∈ Xij ; in this way , for every pair i, j a
continuous map
vij : Xij → SU(d)
is defined. Since [ûij(x)](g) = [v̂ij(x)](g), g ∈ SU(d) , we conclude that the bundle SUE has an
associated SU(d)-cocycle ({Xi} , {v̂ij}). Let now ϕ0 : C(SU(d)) → C denote the Haar measure
of SU(d) ; since SU(d) is unimodular, for every v ∈ SU(d) we find ϕ0 ◦ v̂ = ϕ0 . Thus, applying
[24, Proposition 4.3], we conclude that the desired functional ϕ : C(SUE)→ C(X) exists. About
existence of local sections, we note that SUE is a locally trivial bundle with fibre the compact Lie
group SU(d) , and apply [24, Lemma 2.5].
Remark 6.2. Existence of the invariant C(X)-functional ϕ : C(SUE)→ C(X) allows one to define
an invariant mean mϕ : BE → A ; using mϕ we can conclude that A is the fixed-point algebra of
BE with respect to the action (6.9).
We can now investigate the algebraic structure of the crossed product BE . Let us denote the
centre of BE by CE and the spectrum of CE by ΩE . If f ∈ C(Xρ), then ψf = ρ(f)ψ = fψ ,
ψ ∈ j(Ê), thus f commutes with A and j(OE); this implies f ∈ CE , so that there is a unital
inclusion C(Xρ) →֒ CE (i.e., CE is a C(Xρ)-algebra). We consider the surjective map defined by
the Gel’fand transform
q : ΩE → X
ρ . (6.10)
The gauge action (6.9) restricts to a gauge action on CE ; by Gel’fand duality, there is a right action
α∗ : ΩE ×X SUE → ΩE , α
∗(ω, y) := ω ◦ αxy , x = p(y) = q(ω) , (6.11)
in the sense of [19, §3].
Remark 6.3. CE is a continuous bundle of C*-algebras on X ; for each x ∈ X , there is a closed
group Gx ⊆ SU(d) such that the fibre CE,x is isomorphic to C(Gx\SU(d)) , i.e. Ωx := q−1(x) is
homeomorphic to Gx\SU(d) (see [24, Lemma 5.1]).
Lemma 6.4. If ρ has permutation quasi-symmetry, then the following properties hold:
1. A′ ∩ BE = CE ∨ Z , where CE ∨ Z denotes the C*-algebra generated by CE , Z .
2. CE is generated by elements of the type t∗ϕ , where t ∈ (ι, ρr)ε , ϕ ∈ j(ι, Er) , r ∈ N .
Proof. Point 1: As a first step, we note that if E is trivial then the result follows by [24, Proposition
7.1]. Let us now consider the general case in which E is nontrivial; it is convenient to regard BE ,
A as C(Xρ)-algebras. Let x ∈ Xρ , U an open neighbourhood of x trivializing E . We denote the
restrictions of BE , A over U by BE,U , AU (see §2); note that there are obvious inclusions
A′U ∩AU ⊆ Z , B
′
E,U ∩ BE,U ⊆ CE . (6.12)
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Now, SUE|U ≃ U × SU(d) , and [24, Proposition 3.3] implies that there is a strongly continuous
action
αU : SU(d)→ BE,U
(in fact, SU(d) may be regarded as a group of constant sections spanning U × SU(d)). It is clear
that SU(d) acts on BE,U in such a way that the fixed point algebra B
αU
E,U coincides with AU .
Thus, the argument used for E ≃ Xρ × Cd implies that A′U ∩ BE,U is generated as a C*-algebra
by A′U ∩ AU and B
′
E,U ∩ BE,U ; by (6.12), we conclude
A′U ∩ BE,U ⊆ CE ∨ Z .
We now pick a finite open cover {Uk} trivializing E with a subordinate partition of unity {λk} ⊂
C(Xρ). If b ∈ A′ ∩ BE , then
b =
∑
l
λkb , λkb ∈ A
′
Uk
∩ BE,Uk ⊆ CE ∨ Z .
Point 2: let t ∈ (ι, ρr)ε , ϕ ∈ j(ι, Er). Then (5.5) implies
t∗ϕa = t∗ρr(a)ϕ = at∗ϕ , a ∈ A ;
moreover, (6.8) implies that, for every ψ ∈ j(Ê),
ψt∗ϕ = σ(t∗ϕ)ψ = ρr(t)∗σr(ϕ)ψ = t∗ε(1, r)ε(r, 1)ϕψ = t∗ϕψ .
We conclude that t∗ϕ commutes with A and j(Ê), so that t∗ϕ ∈ CE . To prove that the set {t∗ϕ}
is total in CE , we proceed as in [8, Lemma 5(1)], [24, Proposition 7.1]. As a first step, we assume
that E is trivial, in such a way that we have a strongly continuous action α : SU(d) → autXρCE
such that CαE = C(X
ρ). By Fourier analysis, the set of elements of CE that transform like vectors
in irreducible representations of SU(d) is dense in CE . Thus, we consider n-ples {Ti} ⊂ CE such
that
αy(Ti) =
∑
j
Tjuji(y) , y ∈ SU(d) ,
where u is some irreducible representation of SU(d) . Since u is a subrepresentation of some tensor
power of the defining representation of SU(d) , we find that there is r ∈ N and constant orthonormal
sections {ϕi} of Er ≃ Xρ × Cd
r
transforming like the Ti ’s; moreover, we may regard the ϕi ’s as
elements of j(ι, Er) fulfilling the relations ϕ∗iϕj = δij1. In this way, we find
W ∗ :=
∑
i
Tiϕ
∗
i ∈ A .
Multiplying on the right by ϕj , we conclude Tj = W
∗ϕi ; moreover, it is clear that W ∈ (ι, ρr),
and
ρ(W ) =
∑
i
σ(ϕi)T
∗
i =
∑
i
ε(r, 1)ϕiT
∗
i = ε(r, 1)W ,
i.e., W ∈ (ι, ρr)ε . This proves Point 2 for trivial vector bundles. In the general case, the same
argument used for the proof of Point 1 shows that {t∗ϕ} is total in CE .
The following Theorem generalizes several results, namely [10, Theorem 4.1] for Z = C1, [24,
Theorem 7.2] for ρ symmetric and c1(ρ) = 0, and [3, Theorem 4.13] (for a single endomorphism)
in the case in which each (ρr, ρs)ε , r, s ∈ N , is free as a Banach C(Xρ)-bimodule.
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Theorem 6.5. Let (ρ, ε,R) ∈ endA be a quasi-special endomorphism with class d⊕c1(ρ) , d ∈ N ,
c1(ρ) ∈ H2(Xρ,Z) . For every rank d vector bundle E → Xρ with first Chern class c1(ρ) , the
following are equivalent:
1. there is a section s : Xρ → ΩE , q ◦ s = idXρ (recall (6.10));
2. there is a compact group bundle G ⊆ SUE , and a dual action ν : OG → A such that
ν(Er, Es)G = (ρ
r, ρs)ε , r, s ∈ N , and A′ ∩ (A ⋊ν Ĝ) = Z . Moreover, A is the fixed-point
algebra with respect to the gauge G -action on A⋊ν Ĝ .
Proof. (1) ⇒ (2): By Lemma 6.3, Lemma 6.4, and from the fact that there is s ∈ SXρ(ΩE),
we find that the triple (BE ,SUE,α) fulfilles the properties required for the proof of [24, Theorem
6.1]. Thus, there is a group bundle G ⊆ SUE and a dynamical system (F ,G, β), endowed with a
C(Xρ)-epimorphism η : BE → F which is injective on A , and such that η(A) = Fβ , η(A)′ ∩F =
η(Z). We recall that η is defined as the quotient
BE → BE / (C0(ΩE − s(X
ρ))BE) (6.13)
(note that C0(ΩE − s(Xρ)) is an ideal of CE ), whilst
G := {y ∈ SUE : α∗(s(x), y) = s(x) , x := p(y)} . (6.14)
To economize in notations, we define
Aη := η(A) , Zη := η(Z) , ρη := η ◦ ρ ◦ η
−1|η(A) ∈ endAη ,
in such a way that we have a C(Xρ)-isomorphism η|A : (A, ρ)→ (Aη, ρη). By definition of η , G ,
we obtain
η̂ ◦ α(y, w) = β(y, η̂(w)) , y ∈ G , w ∈ B̂E (6.15)
(see [24, §6.1]). Now, since η is a C(Xρ)-morphism, we find that η restricts to a unitary isomor-
phism from j(Ê) onto η ◦ j(Ê) (in fact if ψ, ψ′ ∈ Ê and f := 〈ψ, ψ′〉 , then f = η(j(ψ)∗j(ψ′)) =
j(ψ)∗j(ψ′)). This fact has two consequences: first, by universality of the Cuntz-Pimsner algebra
there is a C(X)-monomorphism jη : OE →֒ F , jη := η ◦ j ; moreover, since C(Xρ) is contained
in the centre of F , if {ψl} is a finite set of generators for jη(Ê) then we can define ση ∈ endXρF ,
ση(t) :=
∑
l ψltψ
∗
l , in such a way that ση ◦ η = η ◦ σ , ση ◦ jη = jη ◦ σE . This also implies
ση|Aη = ρη . Applying (5.3) to BE , and using (6.15), we find that jη is G -equivariant, i.e.
β(y, ĵη(ξ)) = ĵη ◦ ŷ(ξ) , y ∈ G, ξ ∈ ÔE .
Thus, jη restricts to a C(X
ρ)-monomorphism ν : (OG , σG)→ (Aη, ρη). If t ∈ (σrG , σ
s
G), then
ν(t)ρrη(a) = η(j(t)ρ
r(a′)) = η(j(t)σr(a′)) = η(σs(a′)j(t)) = ρsη(a)ν(t) ,
where a′ ∈ A , a := η(a′) ∈ Aη ; this implies ν(Er, Es)G ⊆ (ρrη, ρ
s
η), r, s ∈ N . Thus, ν is a dual
action, and F fulfilles the universal properties{
ν(t) = js(t) , t ∈ OG
ψa = ρη(a)ψ , a ∈ Aη, ψ ∈ js(Ê) .
By identifying A and Aη , we conclude that F is isomorphic to A⋊ν Ĝ . By construction of F , we
also find A′ ∩ (A ⋊ν Ĝ) = Z , and that A is the fixed-point algebra with respect to the G -action
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on A ⋊ν Ĝ . Finally, the fact that (ρr, ρs)ε = ν(Er, Es)G , r, s ∈ N , follows from Lemma 6.1.
(2) ⇒ (1): applying Lemma 5.1, we find that ν restricts to the dual action µ : OSUE → A ,
µ(t) := ν(t), t ∈ OSUE ⊂ OG , introduced in Theorem 6.2, in fact ν(θ) = ε , ν(ι, λE) = R .
Again by Lemma 5.1, we find that there is a C(Xρ)-epimorphism η : BE → A ⋊ν Ĝ . Now, since
A′ ∩ (A⋊ν Ĝ) = Z , we find that the centre of A⋊ν Ĝ coincides with C(Xρ), in fact z ∈ Z belongs
to the centre of A⋊ν Ĝ if and only if zψ = ψz = ρ(z)ψ , ψ ∈ j(Ê). Thus, η(CE) = C(Xρ), and
η|CE : CE → C(X
ρ) is a C(Xρ)-epimorphism. By Gel’fand equivalence, we conclude that there is
a section s : Xρ → ΩE .
Definition 6.6. The triple (A⋊ν Ĝ,G, β) of Point 2 of Theorem 6.5 is called a Hilbert extension
of (A, ρ) . In such a case, we say that the pair (E,G) is a gauge-equivariant pair associated
with (A, ρ) ; in particular, the group bundle G → Xρ is called a gauge group of (A, ρ) .
To emphasize the dependence of G on s ∈ SX(ΩE) we use the notation G ≡ Gs . We now
investigate the dependence of the system (A ⋊ν Ĝs,Gs, β) on the section s . As a preliminary
remark, we note that (6.11) induces a group action
α∗ : SXρ(ΩE)× SUE → SXρ(ΩE) , α∗(s, u) (x) := α
∗(s(x), u(x)) , x ∈ X . (6.16)
Theorem 6.7. Let Gs , Gs′ ⊆ SUE be compact group bundles with dual actions ν : (OGs , σGs) →
(A, ρ) , ν′ : (OGs′ , σGs′ )→ (A, ρ) , such that A
′ ∩ (A⋊ν Ĝs) = Z , A′ ∩ (A⋊ν′ Ĝs′) = Z . Then the
following are equivalent:
1. There is u ∈ SUE with s′ = α∗(s, u) ;
2. There is an isomorphism δ : A⋊ν Ĝs → A⋊ν′ Ĝs′ such that δ|A = idA (in the sense that δ
is an A-module map), δ ◦ ση = ση′ ◦ δ .
3. Gs and Gs′ are conjugates in SUE , i.e. there is u ∈ SUE such that Gs′ = uGsu∗ .
Proof. (1) ⇒ (2): We retain the notation introduced in the proof of Theorem 6.5. Since s′ =
α∗(s, u), we find αu(C0(ΩE − s(Xρ))) = C0(ΩE − s′(Xρ)). This implies that if we consider the
C(Xρ)-epimorphisms η : BE → A ⋊ν Ĝs , η′ : BE → A ⋊ν′ Ĝs′ (see (6.13)), then we obtain
αu(ker η) = ker η
′ . This last equality allows one to define
δ : A⋊ν Ĝs → A⋊ν′ Ĝs′ , δ ◦ η(b) := η
′ ◦ αu(b) , b ∈ BE .
Since η , η′ are faithful on A , we conclude that δ is faithful on A . For the same reason, δ is
faithful on js(OE) ⊂ A ⋊ν Ĝs . Finally, since ση ◦ η = η ◦ σ , ση′ ◦ η′ = η′ ◦ σ , we conclude that
δ ◦ ση = δ ◦ ση′ . (2) ⇒ (3): As a preliminary remark, we note that the minimality condition
A′ ∩ (A⋊ν Ĝs) = Z implies that the centre of A⋊ν Ĝs is C(Xρ). By construction of σ , it is clear
that js(Ê) ⊆ (ι, σ) ; on the other side, if ψ ∈ (ι, σ), then cl := ψ∗l ψ ∈ (ι, ι) = C(X
ρ), and this
implies that ψ =
∑
l ψlcl ∈ js(Ê). Thus, (ι, σ) = js(Ê); since δ(ι, σ) = (ι, σ
′), we conclude that
δ defines a unitary C(Xρ)-module operator u : Ê → Ê , which extends to a C(Xρ)-automorphism
û ∈ autXρOE fulfilling
δ ◦ js = js′ ◦ û . (6.17)
Since δ(R) = R , R ∈ R ⊂ A , and since R = js(ι, λE) = js′(ι, λE), we conclude that û restricts
to the identity on elements of (ι, λE). In other terms, u ∈ SUE . Now, js|OG = ν , js′ |OG
s′
= ν′ ;
thus, applying (6.17), and by using the fact that
δ|A = idA ⇒ δ ◦ ν = ν ,
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we find
ν = ν′ ◦ û .
By Point 2 of Theorem 6.5 ν : OGs → Oρ,ε and ν
′ : OGs′ → Oρ,ε are isomorphisms, thus we have
that û ∈ autXρOE restricts to a C(Xρ)-isomorphism from OGs to OGs′ . From Lemma 3.2 we
conclude that Gs and Gs′ are conjugates. (3) ⇒ (1): By Lemma 3.2, we have that û ∈ autXρOE
restricts to an isomorphism from OGs′ onto OGs . Moreover, by (6.9) there is an automorphism
αu ∈ autXρBE such that αu ◦ j = j ◦ û , where j is defined by (6.7). Let us now define{
j ′ := js ◦ û : OE → A⋊νs Ĝs
ν′ := ν ◦ û : OGs′ → A⋊νs Ĝs .
Since j ′(t) = ν′(t), t ∈ OGs′ , and since ψa = ρ(a)ψ , a ∈ A , ψ ∈ j
′(Ê), we conclude that A⋊νs Ĝs
fulfilles the universal properties (5.2) for the crossed product A⋊νs′ Ĝs′ . Thus, by universality there
is an isomorphism
βu : A⋊νs′ Ĝs′ → A⋊νs Ĝs , βu ◦ js′(t) = j
′(t) ,
t ∈ OE . In other terms, we have βu ◦ js′(t) = js ◦ û(t). In this way, we obtain a commutative
diagram
BE
η

αu
// BE
η′

A⋊νs′ Gs′
βu
// A⋊ν Gs
where η, η′ are defined as in (6.13). From the above diagram, it is evident that ker(η ◦ αu) =
ker(βu ◦ η′) = ker η′ . In particular, c ∈ CE ∩ ker(η ◦ αu) if and only if c ∈ CE ∩ ker η′ . But by
construction of η, η′ , we have{
CE ∩ ker(η ◦ αu) = C0(ΩE − α∗(s, u∗)(Xρ))
CE ∩ ker η
′ = C0(ΩE − s
′(Xρ))
From the above equalities, we conclude that s′(Xρ) = α∗(s, u
∗)(Xρ); so that s′ = α∗(s, u
∗), and
the Theorem is proved (up to a rescaling u∗ 7→ u).
Definition 6.8. Let (ρ, d,R) be a quasi-special endomorphism. Hilbert extensions (A⋊ν Ĝs, β,Gs) ,
(A⋊ν Ĝs, β,Gs′ ) of (A, ρ) are said to be equivalent when Point 2 of the previous theorem is fulfilled.
Example 6.1. Let E → X be a vector bundle, G ⊆ SUE a group bundle. Then the canonical
endomorphism σG is special, and OE ≃ OG ⋊µ Ĝ , where µ is the identity of OG .
Example 6.2. The superselection structures considered in [2, 3] define endomorphisms with per-
mutation quasi-symmetry. In particular, the endomorphisms ρ ∈ endA considered in [24, §7] are
quasi-special, and have trivial Chern class c1(ρ) . Thus, we may pick a trivial vector bundle E :=
Xρ × Cd , and construct the crossed product BE by the dual action of Xρ × SU(d) . It is proved in
[24, Lemma 7.3] that the centre of BE is isomorphic to C(Xρ)⊗ C(G\SU(d)) , where G ⊆ SU(d)
is a compact group unique up to conjugation in SU(d) ; thus, it is clear that the spectrum ΩE =
Xρ × G\SU(d) admits sections, and we can construct the crossed product A ⋊ν Ĝ , where G =
Xρ ×G . Now, we may consider as well a rank d vector bundle E′ → Xρ with trivial first Chern
class, and construct the crossed product BE′ by the dual SUE
′ -action: as shown in [24, §6.2], it is
not ensured that the resulting gauge group G′ → Xρ is isomorphic to G . We conclude that unicity
of the gauge group of (A, ρ) is ensured when we restrict ourselves to consider trivial group bundles
acting on trivial vector bundles. In this way, we obtain the ”algebraic Hilbert spaces” considered in
the above-cited references.
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6.3 The moduli space of Hilbert extensions.
Lacking of existence and unicity of the Hilbert extension has been already discussed in the case in
which the intertwiners spaces are locally trivial as continuous fields of Banach spaces by means of
cohomological methods ([25]). In the present section we present some immediate consequences of
Theorem 6.7: this will allows us to give a classification of the Hilbert extensions of a quasi-special
C*-dynamical system by means of the space of sections of a bundle, without any assumption on
the structure of the intertwiner spaces.
Let (ρ, d,R) ∈ endA be a weakly special endomorphism. To simplify the exposition we assume
that Xρ is connected (otherwise, it is possible to decompose (A, ρ) into a direct sum indexed by
the clopens of Xρ ). We denote the set of isomorphism classes of vector bundles E → Xρ with
rank d and first Chern class c1(ρ) by E(ρ), and define the Abelian C*-algebra
Cρ :=
⊕
[E]∈E(ρ)
CE .
In the previous definition we considered the C*-algebras CE , thus for each [E] ∈ E(ρ) we made a
choice of E in its class [E] ∈ E(ρ). If E and E′ are isomorphic (i.e., [E] = [E′] ∈ E(ρ)), then CE
is isomorphic to CE′ , thus the isomorphism class of Cρ does not depend on the choice.
Let us now introduce the compact group bundle:
SUE(ρ) :=
∏
E∈E(ρ)
SUE → Xρ ;
since each component SUE , E ∈ E(ρ), of SUE(ρ) is full, we conclude that the set of sections
SUE(ρ) is a section group for SUE(ρ).
Lemma 6.9. Cρ is a continuous bundle of Abelian C*-algebras with base space Xρ . Moreover,
there is a gauge action α : SUE(ρ)×Xρ Ĉρ → Ĉρ .
Proof. Since each CE , E ∈ E(ρ), is a continuous bundle of Abelian C*-algebras, we find that Cρ is
a continuous bundle of Abelian C*-algebras, with associated C*-bundle Ĉρ → Xρ . Note that each
fibre Cρ,x , x ∈ Xρ , is isomorphic to the direct sum ⊕ECE,x of the fibres of the C*-algebras CE ,
E ∈ E(ρ). Let us denote the generic element of SUE(ρ) by u˜ := {uE ∈ SUE}E∈E(ρ) ; for every
c := ⊕EcE ∈ Ĉρ (with cE ∈ ĈE ), we define
α(u˜, c) := ⊕E αE(uE , cE) ,
where αE : SUE ×Xρ ĈE → ĈE is the gauge action defined as in (6.9), restricted to CE .
It follows from the previous Lemma that the spectrum Ωρ of C defines a bundle q : Ωρ → Xρ .
By definition of Cρ , we may regard Ωρ as the disjoint union ∪˙EΩE . For every x ∈ Xρ , the fibre
Ωρ,x := q
−1(x) is homeomorphic to the disjoint union ∪˙|E(ρ)| Gx\SU(d) , where Gx ⊆ SU(d) is the
group defined by means of Theorem 6.2 (see also Remark 6.3). By Gel’fand duality, there is a gauge
action
α∗ : SUE(ρ)×Xρ Ωρ → Ωρ . (6.18)
Let us consider the space of sections SXρ(Ωρ) of Ω
ρ . Since Xρ is connected, every s ∈ SXρ(Ωρ)
has image contained in some connected component of Ωρ . Since each ΩE appears as a clopen in
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Ωρ , we conclude that s(X
ρ) ⊆ ΩE for some E ∈ E(ρ), so that s is actually a section of ΩE . Now,
the action (6.18) induces an action
α∗ : SUE(ρ)× SXρ(Ωρ)→ SXρ(Ωρ) , α∗(u, s)(x) := α
∗(u(x), s(x)) , x ∈ X .
The previous elementary remarks, and Theorem 6.7, imply the following
Theorem 6.10. Let (ρ, d,R) be a quasi-special endomorphism of a C*-algebra A . (If Xρ is
connected,) then there is a one-to-one correspondence between the set of Hilbert extensions of (A, ρ)
and the space of sections SXρ(Ωρ) , assigning to each s ∈ SXρ(Ωρ) the triple (A⋊ν Ĝs,Gs, β) . Two
Hilbert extensions of (A, ρ) associated with sections s, s′ are equivalent if and only if s′ = α∗(s, u)
for some u ∈ SUE(ρ) .
Some remarks follow.
First, the fibration Ωρ → Xρ may lack sections, and in this case there are no Hilbert extensions
of (A, ρ). Moreover, the SUE(ρ)-action on SXρ(Ωρ) may be not transitive, and this means that
there could be non-equivalent Hilbert extensions of (A, ρ). It could be interesting to study the
behaviour of Hilbert extensions A⋊ν Ĝsn for sequences {sn} converging to a given s ∈ SXρ(Ωρ).
The case with Z = C1 studied in [10, §4] yields a special endomorphism ρ with C(Xρ) ≃ C , so
that E(ρ) has as unique element the Hilbert space Cd , d ∈ N , and Ωρ reduces to a homogeneous
space; this means that there is a unique (up to equivalence) Hilbert extension. More generally,
if Z 6= C1, a canonical endomorphism ρ in the sense of [3, §4] which is also quasi-special has
Chern class c1(ρ) = 0, and a Hilbert extension of (A, ρ) in the sense of the above-cited reference
corresponds to a constant section of ΩE ≃ Xρ×G\SU(d) , ΩE ⊂ Ωρ , where E ∈ E(ρ) is the trivial
rank d vector bundle over Xρ .
6.3.1 A class of examples. Non-uniqueness of the Hilbert extension.
Let A := OSUE , ρ := σSUE be defined as in §3 for a fixed rank d vector bundle E → X , d ∈ N .
There is a natural identification X ≡ Xρ , and ρ is a special endomorphism with class d ⊕ c1(E)
(see §6.2). Now, if E′ → X is an arbitrary vector bundle having the same rank and first Chern
class as E , then the dual action
µ′ : OSUE′ → A (6.19)
defined as in Theorem 6.2 is an isomorphism; in fact, A is the ρ-stable algebra generated by θ ,
(ι, λE) (see [22, Proposition 4.17]), and this is exactly the image of µ′ (see remarks after Theorem
6.2). In this way, by [23, Example 3.2] we find
OE′ ≃ A⋊µ′ ŜUE
′
(in particular, OE ≃ A⋊µ ŜUE , see also Lemma 6.13 below). Since CE′ := O
′
E′ ∩OE′ = C(X),
we conclude that ΩE′ = X , so that Ωρ is a disjoint union of copies of X :
Ωρ ≃ ∪˙E′∈E(ρ)X .
This means that for every E′ ∈ E(ρ) there is a unique section sE′ : X → Ωρ , with image coin-
ciding with the copy of X labelled by E′ . For each of such sections, there is a Hilbert extension
(OE′ ,SUE
′) of (A, ρ), not necessarily equivalent to (OE ,SUE). For example, take X coinciding
with the sphere S2n , n > 2, and E such that SUE is nontrivial (it is well-known that such vector
bundles exist on S2n , see [14, I.3.13]). Since c1(E) = c1(ρ) = 0 (in fact, H
2(S2n,Z) = 0), we may
pick E′ := S2n ×Cd , the associated dual action (6.19), and obtain the ”trivial” Hilbert extension
( C(S2n)⊗Od , S2n × SU(d) ), with SUE not isomorphic to S2n × SU(d) .
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6.3.2 Another class of examples. Non-existence of the Hilbert extension.
Let X denote the 2-sphere. We consider a locally trivial principal SO(3)-bundle Ω → X with
no sections, and endowed with the translation action λ : SO(3)→ autXC(Ω) such that C(Ω)
λ =
C(X). Such a bundle exists because H1(X, SO(3)) ≃ π1(SO(3)) ≃ Z2 is non trivial. Now,
SO(3) is a quotient of SU(2) (in fact, SO(3) ≃ SU(2)/Z2 ), thus we may lift λ to an action
λ : SU(2)→ autXC(Ω). By Gel’fand duality, we write λuc(ω) = c(ωu−1), u ∈ SU(2), c ∈ C(Ω),
ω ∈ Ω. We now consider the C*-algebra B := C(Ω,O2), endowed with the action
α : SU(2)→ autXB , αub(ω) := û(b(ωu
−1)) ,
b ∈ B , u ∈ SU(2), ω ∈ Ω, defined as in (2.1). As in [24, Lemma 6.8], we find A′ ∩ B = B′ ∩ B =
C(Ω), where A := Bα the fixed-point C(X)-algebra with respect to the SU(2)-action.
We now equip B with the endomorphism σ(b) :=
∑2
i=1 ψibψ
∗
i , b ∈ N , where ψ1, ψ2 are
the isometries generating O2 ⊂ B . By a standard argument, we find that σ restricts to an
endomorphism ρ ∈ endXA (see (6.26) below). Let us denote the trivial rank 2 vector bundle
by E → Xρ , and its special unitary bundle by SUE = X × SU(2). Then OE = C(X,O2) and
OSUE = C(X,OSU(2)). If we regard C(X) as the C*-subalgebra of C(Ω) of functions which are
invariant with respect to the right translation action induced by λ , then we find an obvious inclusion
OSUE ⊆ A ; moreover, it is clear that OE ⊆ B . If we denote the above-mentioned inclusions by
µ : OSUE → A and j : OE → B , then it is clear that j(t) = µ(t), t ∈ OSUE . Thus, by universality
of the crossed product by a dual action, we conclude the following:
Proposition 6.11. ρ ∈ endXA is a special endomorphism with class 2⊕ 0 ∈ N⊕H2(X,Z) , and
B is canonically isomorphic to the crossed product A⋊µ ŜUE .
Thus, Ω coincides with the bundle ΩE defined in the previous sections, and ΩE lacks of sections.
Moreover, X being the two sphere, every vector bundle E′ → X with rank 2 and trivial first Chern
class is isomorphic to E (see [14, V.3.25]). Thus, we conclude that Ωρ = ΩE lacks of sections, and
(A, ρ) does not admit Hilbert extensions.
6.4 The model, and a duality theorem.
Let X be a compact Hausdorff space X , and Z an Abelian C(X)-algebra with identity 1. We
consider a C(X)-Hilbert Z -bimodule M≃ Ê⊗C(X)Z with left action φ : Z → (M,M), defined
as in Example 4.6 for some rank d vector bundle E → X . The Cuntz-Pimsner algebra OM
associated with M may be presented as the one generated by Z and a set of generators {ψl}
n
l=1
of Ê , with relations
ψ∗l ψm = 〈ψl, ψm〉 ,
∑
l
ψlψ
∗
l = 1 , zψl = φ(z)ψl , (6.20)
z ∈ Z , 〈ψl, ψm〉 ∈ C(X). It is clear that OM is a C(X)-algebra; on the other side, note
that in general Z is not contained in the centre of OM . It is easy to verify that the C*-bundle
ÔM → X has fibres isomorphic to the Cuntz-Pimsner algebras OMx associated with the fibres
Mx , x ∈ X ; we denote the fibre epimorphisms by ηx : OM → OMx . Since each Mx is isomorphic
to Cd ⊗ Zx as a right Hilbert Zx -module (see Example 4.6), we find that there is a set {ψx,i}
d
i=1
of orthonormal generators for Mx . At the level of Cuntz-Pimsner algebra, {ψx,i}
d
i=1 appears as
a set of orthonormal partial isometries with total support the identity 1x ∈ OMx ; by universality
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of the Cuntz relations, we obtain a unital monomorphism jx : Od → OMx . Now, the following
endomorphism is defined:
τM(t) :=
∑
l
ψltψ
∗
l , t ∈ OM . (6.21)
It turns out that τM is weakly-symmetric: the representation θ : P∞ → OM is defined by
θ(p) :=
∑
ψlp(1) · · ·ψlp(r)ψ
∗
lr
· · ·ψ∗l1 , p ∈ Pr ⊂ P∞ . (6.22)
Moreover, for every x ∈ X we have a unital endomorphism
τx ∈ endOMx : τx(t) :=
∑
i
ψx,i t ψ
∗
x,i ,
in such a way that τx ◦ ηx = ηx ◦ τM , x ∈ X . By adapting a standard argument used in the setting
of the Cuntz algebra, we find that if u ∈ U(d) and uψx,i :=
∑
k ψx,kuki (where uki ∈ C denotes
the matrix coefficient of u), then
τx(t) =
∑
i
(uψx,i) t (uψx,i)
∗ . (6.23)
In the next Lemma, we prove that τM is special. To this end, for every r ∈ N we consider the
totally antisymmetric bundle λ(Er) ⊆ Erd
r
, and introduce the C*-subalgebra S of OM generated
by elements of the spaces (ι, λ(Er)) ⊆ (ι, τrd
r
M )θ , r ∈ N .
Lemma 6.12. With the above notation, it turns out S ′ ∩ OM = Z ; moreover, τM is a special
endomorphism, with (τrM, τ
s
M) = (τ
r
M, τ
s
M)θ = (E
r, Es) , r, s ∈ N .
Proof. As a first step, note that we may identify C(X) with the C*-algebra
{z ∈ Z : ψz = φ(z)ψ, ψ ∈ M} (6.24)
(otherwise, we may consider the spectrum X ′ of (6.24), and pass to the pullback E′ := E×X X ′ ).
Let t ∈ S ′ ∩ OM ; then, for every x ∈ X we find ηx(t) ∈ ηx(S)′ ∩ OMx . Now, since each
λ(Er)→ X , r ∈ N , is a locally trivial line bundle, we find that ηx(S) is generated by a sequence
of partial isometries {Sx,r}r . Since Sx,r is a generator of the totally antisymmetric space of E
r
x ,
we have the following analogue of (6.4):
S∗x,rτ
rdr
x (Sx,r) = (−1)
rdr−1d−r1x .
Thus, applying [6, Proposition 3.5(b)], we conclude ηx(t) ∈ Zx , and t ∈ Z . Finally, by [22, Lemma
5.5] we find (τrM, τ
s
M) = (τ
r
M, τ
s
M)θ = (E
r, Es), so that τM has permutation symmetry; moreover,
τM is also special, in fact (ι, λE) ⊆ (ι, τ
d
M) fulfilles the required properties.
Let now p : G → X , G ⊆ UE , be a compact group bundle; then, for every x ∈ X , the
inclusion Gx ⊆ U(d) induces an action Gx → UMx ≃ by right Zx -module operators. Let φ̂ be
the morphism defined in (4.1); we make the following assumptions:{
[y, φ̂(v)] = 0 , y ∈ G , v ∈ Zp(y)
(Mr,Ms)G ⊆ (Mr,Ms)Z ,
(6.25)
where (Mr,Ms)Z is defined as in (4.9). The equality (6.25.1) ensures that M is a G -Hilbert
Z -bimodule fulfilling (4.8), thus by Lemma 4.5 there is a gauge action α : G ×X ÔM → ÔM . The
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equality (6.25.2) ensures that M⊗G is a tensor C*-category, in accord with the remarks in Example
4.6. Let us now consider the C(X)-algebra OGM ⊆ OM generated by the bimodules (M
r,Ms)G ,
r, s ∈ N . In the same way as in Lemma 3.1, we find that if there is an invariant C(X)-functional
defined on G , then OGM is the fixed-point algebra of OM with respect to α . If y ∈ Gx , x ∈ X ,
then
α(y, ψx,i) =
∑
k
ψx,kyki ;
thus, by using (6.23),
α(y, τx(t)) =
∑
i
(yψx,i) α(y, t) (yψx,i)
∗ = τx ◦ α(y, t) . (6.26)
The previous equality implies that (6.21) restricts to an endomorphism τG ∈ endXO
G
M . Since
θ(r, s) ∈ (τrM, τ
s
M) ∩O
G
M , we conclude that τG has weak permutation symmetry.
Lemma 6.13. Let G ⊆ SUE be a compact group bundle fulfilling (6.25) and endowed with an
invariant C(X)-functional ϕ : C(G)→ C(X) . Then the canonical endomorphism τG ∈ endXO
G
M
is quasi-special, and OM ≃ O
G
M ⋊ν Ĝ is a Hilbert extension of (O
G
M, τG) .
Proof. It is clear that τG is weakly special, and that τ
s
G(Z)(τ
r
G , τ
s
G)θ ⊆ (τ
r
G , τ
s
G), r, s ∈ N . To prove
the opposite inclusion we consider a finite set {ψl} of generators for Ê ; by construction, ψl ∈
(ι, τM)θ for every index l , so that ψM ∈ (ι, τrM)θ , |M | = r . For every t ∈ (τ
r
G , τ
s
G), we define
zLM := ψ
∗
LtψM , and note that for every b ∈ O
G
M it turns out
bzLM = bψ
∗
LtψM = ψ
∗
Lτ
s
G(b)tψM = ψ
∗
Ltτ
r
G(b)ψM = zLMb .
In particular, zLM commutes with elements of (ι, (λE)
r) ⊆ (ι,Mrd
r
)G , r ∈ N ; by Lemma 6.12,
we conclude that zLM ∈ (O
G
M)
′ ∩ OM = Z . In this way, we find t =
∑
LM ψLzLMψ
∗
M =∑
LM ρ
s(zLM )ψLψ
∗
M . Note that ψLψ
∗
M ∈ (τ
r
M, τ
s
M)θ , thus t ∈ ρ
s(Z)(τrM, τ
s
M)θ . Now, for every
r, s ∈ N , the invariant functional ϕ induces an invariant mean
m : (τrM, τ
s
M)θ → (τ
r
G , τ
s
G)θ .
Since m is an OGM -module map, we obtain
t = m(t) =
∑
LM
m (ρs(zLM )ψLψ
∗
M ) =
∑
LM
ρs(zLM ) m(ψLψ
∗
M ) ,
with m(ψLψ
∗
M ) ∈ (τ
r
G , τ
s
G)θ . This proves that τG is quasi-special. We now proceed with the proof
that OM is a Hilbert extension of (O
G
M, τG). To this end, we note that by considering the inclusion
OGM ⊆ OM , it turns out (τ
r
G , τ
s
G)θ ⊆ (τ
r
M, τ
s
M)θ = (E
r, Es) (see Lemma 6.12); in particular, it
is clear by definition of α that (τrG , τ
s
G)θ = (E
r, Es)G , r, s ∈ N . In this way, the inclusions
OG ⊆ O
G
M ⊆ OM and (6.21) imply that OM = O
G
M ⋊ν Ĝ , where ν is the inclusion OG ⊆ O
G
M .
Finally, since the C*-algebra S is contained in OGM (in fact, G ⊆ SUE , and every element of S is
SUE -invariant), we conclude from Lemma 6.12 that (OGM)
′ ∩ OM = Z .
Example 6.3. Let Z be a unital C(X)-algebra, and K a compact group. Then there is a discrete
Abelian group C(K) whose elements are classes [v] of irreducible representations of K with respect
to a suitable equivalence relation (see [3] and related references: C(K) is called the chain group
of K , and is isomorphic to the Pontryagin dual of the centre of K ). Let us now assume that
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there is an action α : C(K) → autXZ . If w is an irreducible representation of K with rank d ,
then we consider the C(X)-Hilbert Z -bimodule Mw := Cd ⊗Z with left action zψ := ψα[w](z) ,
ψ ∈ Mw , z ∈ Z , and define M := Mw ⊕Mw ⊕ Z (where Z is regarded as the free, rank one
Hilbert Z -bimodule). In this way, M becomes a K -Hilbert Z -bimodule, with action
U : K ×M→M , Uy := wy ⊕ wy ⊕ 1 .
It can be proved that (Mr,Ms)K ⊆ (Mr,Ms)Z , r, s ∈ N , so that M
⊗
K is a tensor C*-category,
and τK ∈ endXOKM is an endomorphism with permutation quasi-symmetry fulfilling (τ
r
K , τ
s
K) =
(Mr,Ms)K , r, s ∈ N ; moreover, (O
K
M)
′ ∩ OM = Z (see [16, §4] for details). In particular, if w
takes values in SU(d) , then τK is quasi-special.
We can now characterize quasi-special endomorphisms in terms of C*-dynamical systems of
the type (OGM, τG). The proof is a direct consequence of Theorem 5.2, Eq.(5.4), Lemma 6.1, and
Eq.(6.21), so that it is omitted.
Theorem 6.14. Let (ρ, ε,R) ∈ endA be a quasi-special endomorphism with class d ⊕ c1(ρ) ∈
N ⊕H2(Xρ,Z) . Then for every gauge-equivariant pair (E,G) associated with (A, ρ) (see Defini-
tion 6.6), there is a G -Hilbert Z -bimodule M ≃ Ê ⊗C(Xρ) Z such that the following diagram is
commutative:
(Oρ,ε, ρ)
⊆
//
≃

(Oρ, ρ)
≃

(OG , σG)
⊆
// (OGM, τG)
(6.27)
(the symbol ”≃” stands for an isomorphism) Moreover, there are isomorphisms of strict tensor
C*-categories Ĝ ≃ ρ̂ε , M
⊗
G ≃ ρ̂ such that, for each r, s ∈ N , the following diagram is commutative:
(ρr, ρs)ε
≃

⊆
// (ρr, ρs)
≃

(Er, Es)G
⊆
// (Mr,Ms)G
(6.28)
The previous theorem can be used as a starting point for the construction of an abstract duality
theory for compact group bundles vs. tensor C*-categories with objects non-symmetric Hilbert
bimodules. This shall be done in a forthcoming work.
References
[1] M.F. Atiyah: K -Theory, Benjamin, New York, 1967
[2] H. Baumga¨rtel, F. Lledo´: Superselection Structures for C*-algebras with Nontrivial Center, Rev. Math.
Phys. 9, 785-819 (1997)
[3] H. Baumga¨rtel, F. Lledo´: Duality of compact groups and Hilbert C*-systems For C*-algebras with a
nontrivial center, Int. J. Math. 15(8), 759-812 (2004)
[4] B. Blackadar: K -Theory of Operator Algebras, 1995
[5] J. Cuntz: Simple C*-algebras Generated by Isometries, Comm. Math. Phys. 57, 173-185 (1977)
[6] S. Doplicher, C. Pinzari, R. Zuccante: The C*-algebra of a Hilbert bimodule, Bollettino UMI Serie
VIII 1B, 263-282; arXiv:funct-an/9707006v1 (1998)
27
[7] S. Doplicher, J.E. Roberts: Duals of Compact Lie Groups Realized in the Cuntz Algebras and Their
Actions on C*-Algebras, J. Func. Anal. 74, 96-120 (1987)
[8] S. Doplicher, J.E. Roberts: Compact Group Actions on C*-Algebras, J. Oper. Theory 91, 227-284
(1988)
[9] S. Doplicher, J.E. Roberts: A New Duality Theory for Compact Groups, Inv. Math. 98, 157-218 (1989)
[10] S. Doplicher, J.E. Roberts: Endomorphisms of C*-algebras, Cross Products and Duality for Compact
Groups, Ann. Math. 130, 75-119 (1989)
[11] S. Doplicher, J.E. Roberts: Why there is a field algebra with a compact gauge group describing the
superselection structure in particle physics, Comm. Math. Phys. 131, 51-107 (1990)
[12] M.J. Dupre´: Classifying Hilbert bundles I, J. Funct. Anal. 15, 244-278 (1974)
[13] K.H Hofman, K. Keimel: Sheaf theoretic concepts in analysis: bundles and sheaves of Banach spaces,
Banach C(X)-bimodules, in: Applications of Sheaves, Lecture Notes in Mathematics 753, Springer-
Verlag, New York, Heidelberg, Berlin, 1979
[14] M. Karoubi: K -Theory, Springer Verlag, Berlin - Heidelberg - New York, 1978
[15] G.G. Kasparov, Equivariant KK -Theory and the Novikov Conjecture, Inv. Math. 91, 147-201 (1988)
[16] F. Lledo´, E. Vasselli: Realization of minimal C*-dynamical systems in terms of Cuntz-Pimsner algebras,
preprint arXiv:math/0702775v1 (2007)
[17] G. Mack, V. Schomerus: Conformal field algebras with quantum symmetry from the theory of super-
selection sectors, Comm. Math. Phys. 134, 139-196 (1990)
[18] A.S. Mishchenko, A.T. Fomenko: The Index of Elliptic Operators over C*-algebras, Math. USSR
Izvestija 15(1) 87-112 (1980)
[19] V. Nistor, E. Troitsky: An index for gauge-invariant operators and the Dixmier-Douady invariant,
Trans. AMS. 356, 185-218 (2004)
[20] M. Pimsner: A Class of C*-algebras Generalizing both Cuntz-Krieger algebras and Cross Product by
Z , in: Free Probability Theory, Ed. D. Voiculescu, Fields Institute Communications 12, 189-212 (1997)
[21] G. Segal, Equivariant K -theory, Inst. Hautes E´tudes Sci. Publ. Math. 34, 129-151 (1968)
[22] E. Vasselli: Crossed products by endomorphisms, vector bundles, and group duality, Int. J. Math.
16(2), 137-171 (2005)
[23] E. Vasselli: Crossed products by endomorphisms, vector bundles, and group duality, II, Int. J. Math.
17(1) 65-96 (2006)
[24] E. Vasselli: Some Remarks on Group Bundles and C*-dynamical Systems, preprint arXiv
math.OA/0301124, to appear on Comm. Math. Phys. (2006)
[25] E. Vasselli: Bundles of C*-categories and duality, preprint arXiv:math.CT/0510594v2 (2005); E. Vas-
selli: Bundles of C*-categories, J. Func. Anal. 247 351-377 (2007)
28
